
w 
n 

U 

w 
tn 
3 

c 



NUMB E R E-113016-5 
REV LTR 

I .. 

J z 
0 
J 

K 
W 
t 
6 z 

5 

f 
c 
t a 
a 

a 

I 
W 

> c 

0 
LL 

W v) 

3 

m m m  

This document repor t s  on an investigation by The Boeing Company f r o m  
June 10, 1966 t o  K=irch 10, 1967 of the n a v i s t i o n  and guidance of  a t w o  
stage launch vehicle  (hypersonic Stag? l /rocket Stage 2) under contract  
NAS 2-3691. The Technical l h n i t o r  fctr t h e  s tudy  was Mr. Hubert Drake of 
t h e  NASA Mission Analysis Division, blaffett Field, Cal i fornia  with Co- 
monitor Mr. Frank Carro l l  of the NASA Electronics  Research Center, Canbridge, 
Massachusetts. 

The Final Report I s  prepared i n  four volumes: 

Volume 1 - Sunnaary Report, b e i n g  Document E-113016-4 

Volume 2 - ’il.aJectory Brametr ic  and Optimization Studies, 

Volume 3 - AlternEte Navigation-Guidance Concepts (Phase. I), 

E-113016- 5 

E- 113016- 6 

Volume 4 - Detailed Study of Two Selected Navigation-Guidance 
Concepts (Phase II), D2-113016-7. 

b e i n g  personnel who Zarticipated i n  t he  study reported in t h i s  volume 
(Volume 2) are D. S. Hague and C. R. Glat t .  
manager. 

J. A. Retka was t h e  program 

Acknowledgment is given t o  Pz. B. R .  Bensen of  t h e  A i r  Force Fl ight  Dynamics 
Laboratory, Wri@;ht-Btterson A i r  Force Base, Ohio f o r  permission t o  reproduce 
t h e  optilllization theory originally developed under U W  Contract Number 
Alii 33(657)-8829. 

SHEET ij, 

U I  4 8 0 2  1 4 3 4  R E V . 8 - 6 5  



L .  

,' 

d. 

* 
J z 
0 

I 
W 6 :  3 

W 

> 
a 
t- 

0 
lA 

. W  In 
3 

a 

L. .. - 

co"2Prs 

Introduct ion 

PART I F'I?ASE I TRAJECTORY WdDY R F S i T S  

1.0 

2.0 

3 -0 

4.0 

5 *o 

6.0 

FZI ght Fer f omianc e 

Nornlml Vehicle Charac te r i s t ics  

Nominal Ydssion 

Stage 1 Parametric Study Results 

4.1 W e o f f  
4.2 Climb/Acceleratio2 

4.3 Cruise/Turn 
4.4 mEt %aging Ysnewer 

4.5 Descent and k c e l e r a t i o n  . 

Stage 2 Ascent t o  Orbi t  

Conclusions 

References 

PART I1 TRAJECTORY OFTI.h?IZATICri STUDY RESULTS 

1.0 Introduction 

2.0 The Steepest Descent Kethod f o r  a Single Stage 

2.1 Problem Sta t enen t  

2.2 Single Stage Anrlysis 

Tra jecto-y 

3.0 Opticlization of a Nulti-Stage Trejectory 

3.1 Introduction 

3.2 Changer: in Payaff and Constraint Functions 

3.3 Derivcition of Ve,rie.tional Equations 

in Cornbined Pei-twbation 

4.0 Cowergence of the Steepest-Descent Method 

2 

2 

5 

10 

10 
10 

10 
14 
14 

15 

19 

20 

21 

23 

23 
24 

33 

33 
34 

44 

50 

SHEET i i 5  

U S  4 1 0 2  1 4 5 4  R E V . 8 - 6 5  



. .. 

> 
J z 
0 
-I 
4- 
a u 
I- 
4 z 
z 
w 
I- 
t a 
n 

a 

3 
w 
> 
I- 

0 u. 
w 
v1 
3 

I W M B E R  112-113016-5 
R E V  LTR 

COK"E??TS - Cont. 
5 .O Applic@t.lon of t h e  Sxepes t -Descen t  blethod 

5.1 Fixed Stage Oytirrizetion 

5.2 OptLml S t a d n g  Solut ion 

5.3 Stage 1 Return 

6.0 Annlysis of t h e  T r a j e c t o r i e s  

6.1 
6.2 Stage 1 Retirrr,  Trajectory 

6.3 -Staee 2 Ascent t o  Orbi t  

6.4 The StRgtng Maneuver 

Stage I Outbound Fl ight  Path 

7.0 s-ry 

7.1 

7.2 O p t h i m t i o n  Development 

Comparison of M s e  I p.nd Phase I1 Results 

Symbols 

Ee f erenc e s 

E E  
52 

53 
54 
71 

74 

78 
79 
79 

92 

92 

92 

98 
112 

SHEET iv 

U 3  4 8 0 2  l434 R E V . 8 - E 5  



>. 
-I z 
0 
-I 

a 
W 
I- 
U 
I 

4 

z 

W 

> c 
0 

n 

a 
IL 

W' 

3 
v) 

N UMB E R D2- 113016- 5 
REV LTR 

PART I 

F i w  1-1 

1-2 

1- 3 

1-4 

1- 5 

1-6 

1- 7 

1-8 

1-9 

1-10 

PART I1 

Fi- 5-1 

5-2 

5- 3 

5-4 

5- 5 

5-6 

5-7 

5-8 

Vehicle Coni t ra ln ts  

Vehicle Configuration 

Aerodjmmic C h m z t e r i s t i . c s ,  Stage 1 

The Nominal Mission 

Alternate Missions 

Fuel  f o r  C r u i s e  Plus Turn, 
Alt i tude  R e  duct ion 

M i n i m u m  Fuel Outbound H e a d  

Stage 2 F l i g h t  Prof i le  

Cruise 

Iu Angle 

Stage 2 Vnconstrtrined Gptirnm Boost 

Stage 2 Constrained Optimum Boost 
Trajectory 

!ha je ctory 

Fina l  Ground Track, Fixed Stage Program 

F i n a l  Velocity - A l t i t u d e  Prof i le ,  Fixed 

Final  Alt i tcde  History-Fixed Stage Program 

Stage Program 

F i n s 1  Dynamic Press-we History, Fixed Stage 

F i n a l  Scalar Pitch. Control History, Flxed 

F i n d  Bank  Angle History, Fixed Stage Program 

Program 

Stage Prograq 

F i n a l  Throt t le  History, Fixed Stage Program 

Convergence Behevvior, Stage l/Stage 2 
Optimization 

page 
3 

4 

6 

7 

9 

12 

13 

l6 

17 

18 

55 

56 

57 

58 

59 

60 

61 

62 

U 3  4 8 0 2  1 4 3 4  R E V . 8 - E 5  



e 

> 
-J z 
0 
-I 
5 
a 
w 
I- 
U z 
z 
W 
c 
t a 
n 

a 

% 
W 

> 
l- 

0 
LL 
W 
v) 
3 

NUMBER D2-113016-5 
REV LTR 

Fig- 5-9 

5-10 

5-11 

5-12 

5-13 

5- 14 

5-15 

5- 16 

5-17 

6-1 

6-2 

6-3 

6-4 

6-5 

6-6 

6- 7 

6-a 

6-9 

6-10 

6-11 

6-12 

6-13 

Convergence Beiiavioi-, ~ t z g c  l / ~ t q e  2 

Convsrgcnze Behmior, Stsge 1 Opti!nization 

Op tb iza t ion ,  Optirml S t a s i n s  Program 

Optimal Staging Program 

Convergence Behavior, Stace 2 Optimization 
Optirml Staging Program 

P i t c h  Angle Control History, Stage l/Stage 2 

Bank Angle Control History, Stage l/Stage 2 

Throt t le  Control History, Stage l/Stage 2 

V-H Prof i le ,  Stage l/Stage 2 Trajectory 

Trajectory 

Trajectory 

Trajectory 

Mach Alt i tude Prof i le ,  Stage 1 Return 

Stage 1 Return Convergence Eistory 

Ground Track, Stage 1 & Return 

Mach Alt i tude Prof i le ,  Stwc 1 an2 Return 

Weight' Schedule, Stage 1 and S t q e  2 

Scalar  P i tch  .History, Stage i fieturn 

Bank -Anglo History, Stage 1 Return 

Throt t le  H i s t o r y ,  Stage 1 Return 

Time History, Stage 2 Trajectory 

Total  Velocity Losses, S t w e  2 

Velocity Alti tude Profile, Staging Maneuver 

Grour.5 Track, Staging Mmeuver 

Control Histories, Stazing Maneuver 

Velocity Vector Angles,, Staging Maneuver 

Al t i tude  Profi le ,  Szaging iGaeuver 

p8ge_ 
64 

65 

66 

67 

68 

69 

70 

72 

73 

75 

76 

77 

80 

a1 

82 

83 

a4 

a5 

a6 

87 

88 

89 

U S  4 8 0 2  1 4 3 4  R E V . 8 - 6 5  



e 

z / b  W 

a 
3 
W 

Figure 6-14 T o t a l  Load Factor, Stazing f4znewer 

7- 1 

7-2 

37d.b KN (2OOO N . X . )  Mission Weight 

Climb/Acceleration Profile, Phase I/Phase I1 
Coqar i son  

Comparison 

7-3 Cl- and Cruise Mass Flow, Phase I/Phase I1 

Stage 1 Ground Track, Phase I/Phase I1 

Comparison 

7-4 
Comparison 

95 

97 



... 

> 
A 
Z 
0 

z 
W 

K 

W 

> 
t- 

n 

K 
0 
LL 

w v) 
3 

, I  . .. 

NUMBER D2-ll.3016-5 
REV LTR 

INTRODUCTION 

This study i s  d i rec ted  a t  detcminin; the f e a s i b i l i t y ,  capab i l i t i e s ,  and 

b v i n e ;  an aerodynsnic, a i r  brcqthiriz first stage end a rocket second stage.  
The bas i c  mission is t o  fly a 3704 km (2000 nsu t i ca l  mile) o f f s e t  dis tance 
t o  t h e  orbi ta l  plaiie of a c a t e l l i t e ,  tun i n t o  the  plane and separate t h e  
second s tage  which then  acconlplifihes renc5ezvous of the payload with a target 
satellite; the first stage then re turns  t o  its base. Phase I, t h e  f i r s t  
four months of  t h e  nine m n t h  study, is 8 comparative ana lys i s  of a l t e r n a t e  
navigat ion and guidance concepts. 
a de ta i l ed  study of two selected navigation- guir?ance concepts. 

l i d t a t i o n s  of f i ~ - y ~ ~ t i ~ n  ~ n d  g ~ ~ f i n - ~ c p  systezs f'9r E txo s t ~ e  h u c h  vphicle 

Phase 11, the  second h a l f  of t h e  study is  

The Overall ob jec t ive  of the  study is t o  determine i f  s u b s t a n t i d  inprovements 
I n  navigation and guidance technology are required or if s ign i f i can t  l o s ses  
i n  mission per fom-nce  occur i n  car ry ing  out  a rendezvous mission with t h i s  
launch vehicle .  
launch vehicle  i s  required t o  perform. 

The Final R e p o r t  f o r  t h e  Study o f  Navigation and Guidance of Launch Vehicles 
Having Cruise Capabi l i ty  has four vo lmes .  

Volume 1 - S m . r y  R e p o r t ,  b e i n g  Dcoument T)2-11301.6-4. 

Volume 2 - Trajectory Parametric and Optimization Studies,  E-113016-5 

A rescue rcissjon i s  a t y p i c a l  rendezvous mission t h a t  t h e  

Volume 3 - Analyses and Tradeoffs of Alternate  Navigation - Guidance Concepts 
(Phase I) E-113016-6. 

(Phase II), 1x2-113016-7. 
Volume 4 - Detai led Studies of Two Selected Navigation - Guidance Concepts 

This  volume reports t h e  work accolsplished on development of  t h e  nominal f l i g h t  
profile and i s  divided i n t o  two p a r t s .  
work accomplished i n  Phase I, and Part  11 gives t h e  t r a j e c t o r y  optimization 
s tudy results obtained . i n  Phase 11. 

Part I descr ibes  t h e  flight performance 

The Phase I study was done by parane t r tcx l iy  analyzing t h e  Stage 1 f l i g h t  pro- 
f i l e  by bre&ing t h e  trajectory i n t o  d i o t i x t  subarcs o r  segnents; t h e  Stage 1 
pullup and Stage 2 t r a J e c t o r y  t o  t h e  rendezvous pint was developed using 
8 steepest-descent optimization c m p u t e r  pro,~m,.  The payload i n t o  o r b i t  
c a p b i l i t y  obtained by t h i s  approach was 6,230 kg (13,720 lbs) .  

The t r a j e c t o r y  o2tiraization work reported i n  D a r t  'XI was done w i t h  a va r i ab le  
s t ag ing  point  steepest-descent onl; inizIt ion co2puter program. 
Stage 1 and S a g e  2 t r a j e c t c r y  from t r b e o f f  t o  t h e  rendezvous point was 
optimized; ignor ins  t h e  Stage 1 retnux t o  base cans t r a in t .  The r e s u l t i n g  
s t ag ing  condi t ions were t hen  used as the i n i t f a l  conditions for a s e w r a t e  
optinlization of t h e  
Weiefit of Stage 1 vere s-cecified. 
load  i n  o r b i t .  
approach was 8,022 kg (17,690 lbs). 

The complete 

1 return path. The takeoff w e i g h t  and landing 
Stnge 1 fuel s w i n g s  were converted t o  pay- 

The psyload i n  orbit pcrfomnnce cagab i l i t y  obtained w i t h  t h i s  
This is  a 2 8  increase i n  performance. 

SHEET 1 
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PAF4T I. PHASE I TRAJECTORY SrmDY RESULTS 

1.0 F'LIGIFT PERFORMANCE 

The objective of t h e  Phase I flight performance studies was t o  define 
the  launch vehicle operational techniques which minimize mission 
performance losses and/or reduce complexity i n  t h e  navigation and 
guidance system for  a 3704 km (2OOO NM) offse t  rendezvous mission. 
The 9,270 km (5000 NM) cruise mission is a lso  investigated. 
approach involves t h e  determination of the  maximum performance 
by c lass ica l  methods wi th  the specified vehicle character is t ics  and 
perfect guidance and navi@tion. 
system as used here is one which duplicates the specified mission 
profi le  exactly wi th  no mass penalty. 
system then is measured in terms of system mass and fuel/propeUant 
penalties, converted to  orbi ta l  payload penalty. The specified 
mission profile was determined within the following design constraints. 

The 

The perfect guidance and navi&ion 

The performance of a real 

Stam? 1 

Maximum MBch Number 
Mximutn Dynamic Pressure 9 5 , 7 2 0  N/$ (XXX, psf) 

Maximum Normal b a d  Factor 2.5 
Wimm Sonic Boom Overpressure 143.6 pJ/$ ( 3 psf)  

Maximum &0PulsiOn System 19379,000. N/ ( 200 Psi )  
In te rna l  &essure 

Staue 2 

Maximum Dynsmic Pressure 9,576 N/$ (200 PSf) 

Figure 1-1 shows the applicable vehicle constraints as a function 
of Mach number and altitude. 

The ~ O S S  weight and empty weight were specified by the statement 
of work. Fuel and payload were traded using appropriate exchange 
r a t io s  fo r  o rb i t a l  payload as described i n  Appendix A l  of ~2-113016-6 
(volwne 3) .  

2.0 NOMXNAL V E M C U  CE4RACTERIsllICS 

The vehicle under consideration is an earth-to-orbit launch q s t e m  
composed of an aerodynamically supported air-breathing first stage 
and a b a l l i s t i c  rocket second stage represented schematically in 
Figu~e 1-2. The first stage structure is made up of nickel a l loy 
heat shields and aerodynamic control surfaces, high temperature 
insulation and titaniun load carrying s t ructure  fo r  wing and body. 
The propulsion system consists of subsonic burning l iquid bydmgen 
turboramjets wi th  sea level s t a t i c  thrust of 1,220,000 newtons 
(275,000 IUS. )  Thrust and specif ic  fuel consumption data are described 

/ 
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in Reference 1. 
l iqu id  hydrogen rocket vehicle with s t a r t  burn thrust-to-weight 
r a t i o  of 1.5. 
The s t ruc tu ra l  weight i s  considered t o  be 13.3% of t he  propellant 
wei&t as implied by the  work statement. 

The second s tage i s  an expendable l i qu id  oxygen/ 

The vacuum spec i f ic  impulse i s  specif ied t o  be 420 8ecI 

The configuration geometry 
. 16 as follows: 

Stage 1 

kngth 07.78 H 
Body Volume (Sears-Haack Shape) 17251.68 M 
Wing Planform (edge6 extended t o  
vehicle center  l i n e )  1905. H ( 6,250 id?) 

Wing Aspect Ratio (Delta Planform ) 1.455 1.455 

Wing chord thickness r a t i o  . .04 .04 

*312 feet, 71,500 ft for c ru i se  vehicle 

Stage XI 

Diameter 
Reference area 

3 

kngth 32.6 H 

l?eO 207 2 
The aemdynamic data for the f irst  s tage vehicle  I s  shown in Ngure 
1-3. 
for  t h e  boost vehicle a8 well. 
stage was aas 
area  of 19.0 2 (62.2 ft. ) 

It is based on the  c ru ise  vehicle  but I s  considered sa t i s fac tory  
The drag coef f ic ien t  of the  second 

ed to be a2constant value of 0.13 based on the  referem,) 

The vehicle charac te r i s t ics  were taken d i r e c t l y  from the  epecificatioa! 
for t h e  study and supplemented where necessary with reasonable assump- 
t ions.  
Trade etudies considered co feedback on vehicle character ls t icg.  ply- 
ther vehicle configuration data are given In Reference 2 and 3. 

No attempt wae made t o  improve o r  a l t e r  the  prescribed data. 

- 

3.0 NOMINAL MISSION 

The nominal d 6 S i O n  is  an of f se t  miosion where t he  hydrogen fueled, 
turboramjet powered,aerodynamically supported f i r s t  stage t ranspor t s  
an expendable LO/ rocket t o  a launch plane 3,704 km (2000 naut ica l  
miles) from the t 3 e o f f  base, provides a launch platform f o r  the 
upper stage, then returno t o  base. The murid track and velocity- 
a l t i t u d e  p r o f i l e  a r e  sketched in Figure 1-4. 
summary in terms of weight, range and a l t i t u d e  folloue: 

A mission performance 
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Take off 
Cruise/Turn 
-Ye 
=a@np; 
Turn/Cruise 
Descent 
Landing 
=wh3 
Insertion 

*Payload = 6,230 kg, (13,720 lb.) 

Alternate missions include 1852 h (1030 N.M.)  and zero offset missions as well 
as the 9,260 km (5,000 N.M.) cruise missions. These missions are summarized 
in Figure 1-5. 

.mately to scale for comparison. The weight s-ry for the Phase I parametric 
performance study shows a maxinurn orbital payload of 9,250 kg (20,390 lb.) 
I n  8 zero offset orbit as compared to 6,220 kg (13,720 l b . )  for the nominal 
mission. 

The ground tracks for the several missions are shown approxl- 

The payload for the cruise mission is 18,200 kg (40,200 lb.). 
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4.0 

4.1 

4.2 

4.3 

Stage 1 Pnre+netrfc Study Resul ts  

Takeoff 

The f l i g h t  p r o f i l e  b e a n s  w i t h  t h e  start  of t h e  ground run attime zero. 
No fue l  allowence i s  made f o r  warm-up o r  t a x i  purposes. 
a t t a c k  is used f o r  ground roll acccleration. 
degrees angle of a t t ack  is assmed t o  occur a t  120 percent o f t h e  stall 
speed. 
d l O W 6  launch vehicle t a i l  clearance. 
sidered. 
angle is  reached. 
reaches 305 meters (loo0 feet) of a l t i t u d e  where l e v e l  f l i & t  is establ ished 
and a 180 degree t u r n  is  i n i t i a t e d .  

Climb/Accel.eration 

The assumed minimum fuel cllmb/scceleration p m f i l e  i s  defined by t h e  
sonic boom overpressure, t h e  dynamic pressure l i m i t  and t h e  design Mach 
number. The f u e l  requirements and t r a j e c t o r y  cha rac t e r i s t i c s  for t h i e  
flight phase were determined by 8 20 point mass t r a j e c t o r y  pmgram 
u t i l i z i n g  a veloci ty-al t i tude f l i g h t  plan programmer. Other velocity- 
a l t i t u d e  p ro f i l e s  i n  the region of the  boundary were invest igated but 
no more economical path w a s  found which s a t i s f i e d  the  inequal i ty  con- 
straints. 

b w  angle of 
Groimd ro t a t ion  t o  

Fifteen (15) degree6 is considered t h e  m a x i m u m  angle which 
No high lift devices were con- 

The take-off a n g l e  of a t t ack  i s  held until 16 degrees f l i g h t  peth 
Thin f l i g h t  path angle i s  maintained u n t i l  t h e  vehicle  

~ r u i s e / ~ u r n  

The crulse/turn path segnent E t 8 , r t s  a f ter  climb-acceleration and continues 
through t h e  tu rn  i n t o  t h e  target o r b i t a l  plane. 
studied for two ramjet sizes. F i r s t ,  t he  ramjet w a s  s ized f o r  accelera- 
tion under the c r i t e r i o n  of rninimum excess t h r u s t  a t  t h e  end o f  t h e  
climb/acceleration phase. 

The c ru i se  phase was 

where : 

T-D = 0.15 W 

at 24.7 km (81,000 feet)  

T - t h rus t  
I) = , b a g  
w = weight 

This is  the  c r i t e r i o n  normally used f o r  a i rb rea th ing  launch vehicles  
when hypersonic c ru i se  ( i .e.  launch o f f s e t )  i s  not required,  
case t h e  cruise and t u r n  were performed at constant a l t i t u d e  corres- 
ponding t o  t h e  a l t i t u d e  a t  the end of t h e  climb. 

I n  t h i s  
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I n  t h e  second case t h e  ramjet was sized f o r  c ru i se  
a l t i t u d e  w i t h  no excess th rus t .  

at Cruise Al t i tude  

Since f l i g h t  a t  Mzich 7 requires 8 fuel ecuivalence 
unity f o r  i d e t  cooling, no perfom-ance a2vantage 

a t  optimum 

r a t i o  of a t  least 
s expected f o r  

t h r o t t l i n g .  Therefore, t h e  above c r i t e r i o n  i s  expected t o  yleld 
the minimum fuel usage f o r  cruise.  
performance advantage i n  the  acce lere t  ion phnee. 

Several  a l t e r m t i v e s  t o  the cruise/ turn grcund r u l e s  were considered 
including (1) cru i se  a t  optimum a l t i t a d c  and s a c r i f i c e  of  s p e d  i n  t h e  
turn, (2) c ru i se  at  optimm a l t i t u d e  and s a c r i f i c e  of a l t i t u d e  during 
t h e  t u r n  o r  (3) c ru i se  a t  the lower a l t i t u d e  necessary t o  obtain 
minimum fuel for c r u i s e  pl.us steady c t e t e  t -nn .  
it was assumed t h a t  the  vehicle vould be reaccelerated after t h e  turn.  
It is shown i n  Appendix A2 of  Volmie 3 t h a t  l o i t e r i n g t i m e  delay i n  t h e  
target plsne is very expensive i n  t e r n s  o f  payload penal ty  so any t u r n  
technique Involving loss of speed has been ruled out.  
a l te rna t ive ,  t he  a l t i t u d e  i s  reduced during the  turn .  
in Phase 2 s tua i e s  t h a t  t h i s  may be the  way t o  perform the t u r n  because 
o f  t h e  improvement i n  Stage 2 perfonmnce r e s u l t i n g  from t h e  Stage 1 
energy gain a t  s t s a n g  by this nethod. 
promise because t h e  c ru i se  e f f ic iency  has a low s e n s i t i v i t y  t o  change in 
altitude 8t the o p t h u n  cruise a l t i t u d e  w h i l e  t h e  load f ac to r  capab i l i t y  
is qu i t e  s ens i t i ve  wider the 6m.e conditiocs.  To demonstrate t h i s  t rzde,  
the m l n i m m  fue l  cruise/ turn W R S  detem-lned by perfornlng t h e  c ru i se  and 
t u r n  a t  var ious increments belov c ru i se  a l t i t u d e .  The results are shown 
i n  Figure 1-6 for 1852 and 3704 km (1000 and 2000 N.M.) offset miosions. 
These results did not take in to  account t h e  climb t o  c ru i se  a l t i t u d e  fol- 
lowing ame le r s t ion .  

The larGer ramJet also has s ign i f icant  

For t h e  first alternRtive,  

For the  second 
It WP.S shown 

The t h i r d  method holds soEe 

S e n s i t i v i t y  s tud ies  o f  the effects of  heading change on mission per- 
foncance indicated possible  B i n s  by a l t e r i n g t h e  ground t rack .  The 
results of  an inves t iga t ion  of  c ru ise  heading a n a e  f o r  minirun total  
Stage 1 mission f u e l  usage is shown i n  Figure 1-7. Th i s  figure shows 
changes i n  f u e l  requirements for changes I n  outbound c ru i se  heading 
from t h e  zero hezding path.  
angle  is increased t h e  extra  fuel csed f o r  t h e  outbound c ru i se  i s  
more than compensated by the f u e l  saved on t h e  ingound cru ise .  
results i n  a desired r e lq t ive  headingangle  of 12 
(2000 N.N.)  o f f s e t  mission. 
(lo00 N . M . )  o f f s e t  t h e  bes t  outbound r e l a t i v e  heading angle is 26 

It can be seen t h a t  as r e l a t i v e  heading 

This 
f o r  t h e  3704 km 

Under t h e  sane conditions with 1852 lp 
West. 
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NOT"LS: 

1. h d n e  sized for c r u i w  

2. Equivalence r A i a  at 7030 FPS - 1.0 
3. Data d3es not include f u e l  for climb/acceleration 
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The recovery- of the stage 1 vehicle f d b v f n g  stazing i s  a di f f icu l t  
problem. Ir. i t s  simplest definition, t h e  t ra jectory follows a de- 
celerating coast t o  apogee, then an accelerating descent back t o  
cruise a l t i tude and velocity, *&ere t h e  t u r n  t o  the return-to-base 
heading is  ini t ia ted.  This method has been used for  the nominal 
prof i le  185 2un (100 104) of  gromd track range WP.? covered during 
the recovery. 
of recovery and turn-to-base i s  developed i n  the Phase I1 t ra jectory 
etudy results. 

A more efficient means of performirg a combination 

Descent and Deceleraf ion 

The t u r n  t o  base and cruise back weye performed i n  a manner similar 
t o  the cruise out and turn into the target  plane. 
flown at maximum lift-+,o-drag r a t io  and id le  thrust after an i n i t i a l  
deceleration t o  t h i s  velocity-altitude profile.  

The descent was 

. -  
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5.0 Stage 2 Ament t o  Orbit 

Second stag2 boost comences w i t h  separation from t h e  launch vehicle. 
The velocity,  altitiide arid fli@t p t h  angle a t  i;h:ch s taging should 
occur and the ensuing Stage 2 t r a j e c t o r y  have been s tudied w i t h  a 
fixed stage t i n e  steepest-descent computer program. 

I n  the absence of  atmospheric e f f e c t s  an e f f i c i e n t  means of  achieving 
circular o r b i t  is w i t h  a Hohmann t r a n s f e r  o rb i t ;  a low perigee a l t i t u d e  
f o r  t h e  t r ans fe r  o r b i t  gives t h e  most e f f i c i e n t  operation of the booster. 
A t  s o m e  altitude, t h e  decrease in ve loc i ty  lo s ses  due t o  m v i t y  are 
offset by the  increase in veloci ty  losses  due t o  aerodynamic drag. 
Drag losses  can be reduced by in se r t ing  i n  the t r a n s f e r  o r b i t  at a 
pos i t ive  fU&t path angle. 
a cen t r a l  angle change of  less than 180 . In t h i s  cage the  t r a n s f e r  t r a j e c t o r y  has 

The Stage 1 pullup and Stage 2 ascent t o  rendezvous w e r e  optimized as 
a uni t .  
mile) c i r cu la r  o rb i t .  
f l i g h t  conditions a t  Mach 7 2nd 24.7 km (81,000 f't). 
Inflight cons t ra in ts  were s e d  bemuse it was uncertain which con- 
s t r a i n t s ,  i f  any, would apply. The ve loc i ty-a l t i tude  p r o f i l e  is shown 
i n  Figure 1-8. 

The end constraints  were defined by a 485 km (262 naut ica l  

I n i t i a l l y ,  no 
The i n i t i a l  conditions were Stage 1 l e v e l  

The unconstrained solution shoxn i n  F'iguze 1-9 Indica tes  the desired 
t r a n s f e r  o r b i t  i n se r t ion  conditions are 

Velocity = 8,000 M/Sec. (26,190 f'ps) 

Flight  Path Angle = 0.64 deg. 

Alt i tude = 74,200 M (243,200 f't.) 

These data confirm tha t  t h e  optimum t r a n s f e r  o r b i t  is not exact ly  a 
Hohmann t ransfer .  

The unconstrained optinum t r a j ec to ry  showed dynamic pressure a t  s tag ing  
t o  be a ppblem. 
per meter (200 ps f )  at staging resu l ted  i n  a payload penal ty  of 159 kg 
(350 pounds). This t r a j ec to ry  i s  shown i n  Mgurc 1-10. Rapid changes 
at t h e  beginning of this t r a j ec to ry  indicate  a more e f f i c i e n t  maneuver 
may have resulted i f  the  first stage e f f e c t s  are investi@g;ted fur ther .  
This has been done i n  the  Phase I1 studies .  

Constraint of t h e  dynamic pressure t o  9,576 newtons 

Phase I analys is  of t h e  e f fec t  of increasing the  a l t i t u d e  f o r  i n i t i a t i n g  
t h e  first stage pullup indicated a payload penal ty  would result. 
payload advantage has been shown t o  result from both c ru i s ing  at  high 
a l t i t u d e  an& initiatixig pull~:p f rom lower a l t i t u d e .  Therefore a 
decreasing a l t i t u d e  tu rn  which would take advantage of the  higher c ru i se  
a l t i t u d e  
e f fec t ive  c ru i se  range seems t o  suggest a more e f f i c i e n t  operat ing 
mode. 
Phase IX studies .  

Dis t inc t  

and lower staging i n i t i a t i o n  a l t i t u d e  whi le  shortening the 

Further invest igat ion of t h i s  i n t e rac t ion  was accomplished during 
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The methods employed i n  the Phase I t r a j e c t o r y  study represent t h e  
classical approach t o  mission ar,alj.sis. That is, t he  mission I s  sego 
mented i n t o  subarcs and these subarcs are analyzed i n  isolat ion.  The 
analyst then considers t rades  which hold t h e  most promise f o r  performance 
s i n  and s e l e c t s  t h e  most e f f i c i e n t  result. The nominal t r a j ec to ry  
es tab l i shed  by t h e  Stage 1 parametric s tud ies  and t h e  Stage 2 part ia l  
optimization results were used as t h e  reference fo r  t h e  Phase I 
navigation- guidance trades reported in Volume 3, ~2-113016-6. 

studies performed I n  Phase I1 and reported i n  the  following p a r t  of the 

These 
.results were the s t a r t i n g p o i n t  f o r  the more complete optimization 

report. 
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PART 11. TRAJZTORY OPTIMIZATIOX SlWDY RESULTS 

1.0 INTRODUCTION 

The past decade has seen the a c c m d s t i o n  of  a wealth of information 
on t h e  operat ional  and performnce char?.cter is t ics  of v e r t i c a l  ascent 
launch vehicles .  
having c ru i se  capabi l i ty  hn-s ye t  t o  be developed. 
in t h e  f i e l d  of flight p i t h  performnce analysis u t i l i z i n g  numerical 
optimizetion techniques o f f e r  means for rap id ly  acquir ing a siIcilsr 
store of in fomat ion  f o r  t h e w  vehicles .  This sect ion i s  devoted t o  
t h e  study of one c ru i se  launch vehic le  mission, a 3704 km (2000 104) 
offset launch t o  o r b i t a l  conditions. The vehic le  cons i s t s  of  t w o  
s tages .  The first s tage  o f  t h e  hybrid launch system i s  a l i f t i n g  
turboramSetvehicfecapa5le o f  horizontal  tdceoff  and hypersonic 
c ru ise .  The second stage is an expeniiohle rocket.  

A s l r r i la r  backgaund for recoverable launch vehic les  
Recent developments 

F l igh t  Dath amilysis o f  t h i s  vehicle  presents  several  unusual problem. 
The mission involves two d i s t i n c t  sets of t e r n i n a l  cons t ra in ts .  The 
first stage c ru i se s  out  t o  soize as ye t  unspecified point,  re leases  
the second stage,  end re turns  t o  base. Following release t h e  second 
stage ascends t o  o r b i t a l  rendezvous condi t ions a t  a prespecif ied p i n t .  
The optimization problem i s  t o  m%L.ize th?  o r b i t a l  payload, while 
s a t i s f y i n g  t h e  above double s e t  of constrakrits. Atiraspheric f l i g h t  
problem of t h i s  conplexity can be solved only by numerics1 techniques. 
The present q p o a c h  is bised q o n  t h e  s teepes t  descent method, Re- 
ferences 1 and 2. 

Some i n s igh t  i n t o  t h e  s taging problen? can be S i n e d  by a breakdown 
of t h e  tra3ectoz-y i n t o  d i s t i n c t  suhsrcs o r  sep.cnts.  For example, 
one m i & t  def ine an i n i t i o 1  acce lera t ion  and ascent t o  c ru i se  
conditions, followed by a c ru i se  segnent, a tura i n t o  t h e  desired 
o r b i t a l  plane, and a f i n a l  pullup manewer t o  the  s tag ing  point.  The 
second s tage  f l i g h t  p ro f i l e  can then be determined by the i t e r a t i v e  
guidance technique, Reference 3, o r  o ther  appropriate  techniques. The 
Stage I re tu rn  CSE be handled by coriventional nethods. Using s w h  a 
model, t h e  s tag ing  point  cEtn be obtzined by p a r m e t r i c  ana lys i s .  An 
approach of  t h i s  nzture was fol loved i n  Phase I of  t h e  present  study, 
but  does not; provide optin;um p e r f o m r c e .  

In Phase 11 a steepest descent elGorithm u t i l i z i n g  s iaul taneous per- 
t u rba t ion  of t h e  cont ro l  h i s t o r i e s  ar?d t h e  staging point  was used t o  
obta in  t h e  optimal t r a j ec to ry .  A generalized alerithm of t h i s  type 
i s  presented i n  Reference 2. Solutions ut i ] - iz ing t h i s  algorithu have 
pre?-iously been r q o r t e j .  i n  Reference 4 f o r  l ess  complicated missions. 
A corcputer program enibSs2ying t h i s  approsch wzs constructed within t h e  
framework of t h e  progr-an o f  Reference 5, and  appl ied t o  t h e  present 
mission. The optimal Stage  I/Stage I1 Fiscerit t o  o r o i t  w a s  determined 
as a s ingle  o p t h a 1  staging prohlen, i p o r i n g  the  Stage I re tu rn  con- 
s t r a i n t .  The r e s u l t i n g  sta@;in;: c a d i t i o n s  uere  then used f o r  t h e  
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Stage I return.  
problem in i so l a t ion  fma t h e  remainder of t h e  mission. 
follow-on r e smrch  would be the  development of an opt in iza t lon  
progrm, cprcificolly t ~ i l ~ r e d  tc; t h 2  requiremeiltr of a m u l t i -  
vehicle  launch system. 

This semen t  was optimized a s  a s ingle  stage 
Useful 

The next t h r e e  sect ions of t h i s  resor t  presents  t h e  theory of  t h e  
steepest-descent methods. Section 2.0 covers optimization of  tl 
sin&le stage t ra jec tory .  Then, Section 3.0 extends t h e  results 
t o  the  optimization of a multi-stage t r a j e c t o r y  where the  loca t ion  
of t h e  s t ag ing  points is included i n  t h e  cha rac t e r i s t i c s  being 
optimized. 
descent method. This theory was or ig ina l ly  presented i n  Reference 2 .  
It has been reproduced here  s ince it is  t h e  bas i s  f o r  t he  t r a j e c t o r y  
optimization work done i n  t h e  current  study. The reader who does 
not have the  t i n e  t o  review the theory should t u r n  t o  Section 5.0 
on page 52 where the  presentsation of the  t r a j e c t o r y  optimization 
results is started. 

Eection 4.0 discusses  corivergence of t h e  s teepest  

- 
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2.0 T a  STEEPEST DESCENT PETHOD FOR A SIriGLE STAGE TRAJECTORY -- - 
2.1 Problem Statement 

The analys is  of single s tage  t r a j e c t o r i e s  by t h e  steepest-descent 
One of  t h e  c l e a r e s t  

For con- 
method has been thoroughly t r ea t ed  In the l i t e r a t u r e .  
treatments ava i lab le  I s  tha t  of Brytion and Denham i n  Ref. 1. 
venience and as m aid in t h e  understanding of t h e  optimal s tag ing  method 
of t h e  following section, t h e  annlysis  w i l l  be repeated here. 

h i n t  mass motion I s  governed by t h ree  second order d i f f e r e n t i a l  
equations of pos i t ion  together w i t h  a first order  d i f f e r e n t i a l  equation 

governin& the  mass. 
it l e  possible t,? reduce these equations t o  a set of first order d i f f e r -  
t n t i a l  equations ' We can therefore  consider p o i n t  m a s 8  
motion to be governed by a s e t  of first order d i f f e r e n t i a l  equations. 
The form of these equations is 

By sui tably def ining 'additional state variables, 

n = 1 , 2 .  b .  O N  
m = 182 . . . . . . . . H 

mat is, we have N state variables whose der ivat ives  2n(t) ,  are 
defined by N first order d i f f e ren t i a l  equations involving t h e  

. state variables,  together with M control  variables, am( t ) ,  end 
t, the independent variable i tself .  

W e  may wish t o  constrain a se t  of functions of t he  s t a t e  
variables and time to  par t icular  values at the end of the  t r e j ec -  
tory. In t h i s  case a set of  constraint  functions of the form 

can be constructed, which our f i n a l  t r a j ec to ry  must s a t i s fy .  "Any 
one of the  constraints  may be used as a cut-off function which, 
h e n  satisfied, w i l l  terminate a par t icu lar  traJectory.  The cut-  
o f f  function can therefore be wri t ten i n  the form 

Q=Q %(T), T = 0 0 
and determines the t ra jec tory  termination time T. 
when the  cut-off function I s  included, w e  have P + 1 end con- 
8 t ra ints .  

In  a l l  then, 

Final ly  we may wish to optimize 6omc other  function of the 
state variables and t i m c  at t he  end of the t ra jectory;  hence 8 
pay-off function 

201,l 

2 0 1  02 

2.1.3 

can be constructed, which is t o  be rimximized or  minimized. 
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Now suppose t h a t  w e  have a nominal t r a j e c t o r y  available:  The 
requirements of t h i s  t ra jec tory  a re  modest; it must  of course, satis- 
f y  the  cut-off condition, Eqn. (2.1.3), but  it need not optimize t h e  
pay-off function o r  s a t i s f y  the constraint  equations. 
nominal t r a j ec to ry  by integrat ing Eqns. (2.1.1) we w i l l  need t o  know 
t h e  vehicle charac te r i s t ics ,  the  i n i t i a l  s t a t e  var iable  values, and a 
nominal control  var iable  his tory.  Havine obtained a nominal t r a j e c -  
t o ry  we are  now i n  a posit ion to apply the  s teepes t  descent process. 
To do t h i s  we seek the  t ra jec tory  showing the  g rea t e s t  improvement i n  
the  pay-off function, while a t  t he  same time eliminating a given amount 
of the  end point e r rors  as measured by Eqns. (2.1.2), f o r  a given s ize  
of control var iable  perturbation. 

To generate this 

. 

Eqm. (2.1.2) provide an end point e r ro r  measure f o r  they w i l l  
only be s a t i s f i e d  i f  the  end points have been achieved. 
any non-zero $p represents an end point e r ro r  which must be corrected.  
As a convenient measure of the control  var iable  per turbat ion we can de- 
f ine  the  sca la r  quantity 

Therefore , 

2.1.5 

where W is any a rb i t r a ry  symmetric ma r i x .  In the  usual case W i s  

square of the  control  variable perturbations, d a ( t ) .  It m i g h t  be 
noted t h a t  it is  essent ia l ,  fo r  Eqn. (2.1.5) t o  have any meaning, 
t h a t  a l l  control  variables have t h e  same dimensions. To meet t h i s  
requirement we w i l l  henceforth require  the  cont ro l  var iables  t o  be 
non-dimensional . 

taken equal t o  the  un i t  matrix and D 3 then becomes the  Integrated 

The constraint  on control var iable  per turbat ion s i z e  represented 
by Eqn. (2.1.5) i s  an essent ia l  element of t he  s teepes t  descent pro- 
cess. 
l inear iza t ion  of the  non-linear t r a j ec to ry  equations about t h e  nominal 
t ra jec tory .  
we must l i m i t  ourselves t o  small control  var iable  perturbations by 
using Eqn. (2.1.5) 
perturbation magnitudes. 

2.2 Single Stage Analysis 

For we w i l l  be seekinf! t h e  optimum perturbat ion by a loca l  

To ensure the  va l id i ty  of the  l inear ized  approkimation, 

which provides an in t eg ra l  measure of t h e  l o c a l  

A n  outl ine of the  steepest  descent process has been given in 
Section (2.1). To implement t h i s  method we must ca r ry  out an analy- 
sis of a l l  perturbations about t he  nominal t r a j ec to ry .  In the  present  
report  a l l  perturbations w i l l  be l inearized; t h a t  is, w e  w i l l  assume 
t h a t  only f i r s t  order perturbations i n  the  cont ro l  and state variable6 
need t o  be considered. 
cqntrol  var iable  perturbation, in t he  sense discussed in Section (2.1), 
bad been found, 

Our t ask  w i l l  be completed when the  optimum 
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and 

Let us denote variables on the nominal t r a j ec to ry  by a bw, thusly:  

where we have M control variables an 

2.2.1 

2.2.2 

N s t a t e  var iables .  

Now consider a small perturbation t o  the  cont ro l  var iable  hietory,  
.ba( t ) ;  t h i s  in turn w i l l  cause B small perturbation i n  the  s t a t e  var i -  
able history, dx(t) .  The new valuee of the var iables  w i l l  become 

2.2.3 

2.2.4 

We can also write t he  nominal s t a t e  var iable  and perturbed e t a t e  
variable h i s to r i e s  as 

2.2.5 

{x(t)} = {.(to)} + l:o If(; + dx, - a + b a r ,  t)j dt 2.2.6 

Subtracting Eqn. (2.2.5) from Eqn. (2.2.6) and using Taylor's 
expansion to first order, 

where : . .  

and where the  repeated index indicates a summation over a l l  possible  
values. Differentiation leads to  

or in matrix form . 

{w} = [F] (6x) + [ G ]  (6.)  

2.2.9a 

2.2.9b 
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uhere : 

Here the (i,J)th element l i e s  i n  t he  ith row and Jth column of t h e  
matrices; F I s  an N x N matrix and G is  an N x P matrix. 

We must now f ind the effect  of these perturbations on the  pay- 
off, cut-off and constraint  functions. A general way of obtaining 
these effects ,  known as the 'adjoint method', Ref. 2, l a  to define 
a new set of variables by the  equations 

By specifying various boundary conditions on the  A , t h e  
changes i n  a l l  functions of in te res t  can be found i n  turn.  To 
show this w e  commen7e by pre-multiplying Eqn. (2.2.9b)by A' and 
Eqn. (2.2.11) by dx , t ranspose  the  second of these equations and 
sum with the f i r s t ,  giving 

which may be wri t ten as 

fntegrating Eqn. (2.2.13) over the  t rq jec tory  w e  obtain 

W e  w i l l  now define three d is t inc t  se ta  of X functions by applying 
the  following boundary conditions a t  t = T: 

2.2.10 

2.2.11 

2.2.12' 

2.2.13 

2.2.14 

2.2.15a 

2.2 . l5b 

2.2.15~ 

We may di rec t ly  integrate Eqn. (2.2.U) in a reveree di rec t ion  
{ A , + ( t ) i ,  (l.e., from T t o  to) t o  obtain the functions, { A Q ( t ) \  

and [A&) J 
subs t i tu t tng  each of these function6 i n t o  Eqn. (2.2.14) In  turn 
and noting that 



L ._ 

. .  

ve obtain 

. .  

Now,Eqns. (2.2.17) would give us the  changes i n  he pay-off 
function, cut-off function and constraint  funct ions, i f  they were 
measured at the terminal time of the nominal t ra jec tory ;  however, on 
the perturbed t ra jec tory  t h e  cut-off w i l l  usual ly  occur at 80me per- 
turbed time,T + AT. In  this caSe the t o t a l  change i n  t h e  above 
quaptlties w i l l  become 

2.2.168 

2.2.16b 

2.2.16c 

2 .2.1'7a 

2.2.18~ 

2.2.18b 

2.2.18~ 

Eqns. (2.2.18) give us t h e  chamy.s i n  pay-off, cut-off and 
constraint  functions on t he  perturbed t ra jec tory .  

We can eliminate the  time perturbation i n  Eqns. (2.2.188) and 
(2.2.18~) by noting tha t ,  by def in i t ion  of the  cut-off function, 
Eqn. (2.2.18b) m u s t  be zero. 

.*.'AT = - G](6.>dt + p*(to),{6x(to)}) 2.2.19 

Substi tuting Eqn. (2.2.19) into Eqns. (2.2.18a) and (2.2.18~) 
results in 

-A -- 
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. where: 

2.2 .ma 

'2.2.21a 

2.2.21b 

Eqns. (2.2.20) reveal t he  significance of t he  X functions, o r ig in-  
a l l y  defined by Eqns.  (2.2.11) and (2.2.15). 
the s e n s i t i v i t y  of +(T) to  small perturbations i n  the  state va r l -  
ables at to. Similarly, X,n(t) measures the  s e n s i t i v i t y  of +(T) to 
small perturbations i n  i'ne s t a t e  var iables  at any time t. 
s e n s i t i v i t y  of the  constraints  d# M small s t a t e  var iab le  per tur -  
bations a t  any time is likewise defined by each row of t he  function X 

A t  time to, A+* gives 

The 

(t). 
+Q 

A measure of the  sens i t i v i ty  of R t raJec tory  to a perturbat ions 
Suppose w e  have can be obtained from the  quant i t ies  X I Q C  and A+'QG. 

a pulse type of a perturbation at time t ' ,  t h a t  ifj 6 ( t - t ' ) , '  where 

perturbation, it can be seen from Eqns. (2.2.20) that t h e  changes on 
the pay;off and constraint  functions w i l l  be A+ (t ' ) '  G ( t ' )  and . G( t ' ) , respectively,  for  f lxed initia P conditions.  

d is the  D i r a c  d e l t a  function. With t h i s  type of cont ro l  var iable  

t ' ) 
In order t o  apply the  steepest-descent process t o  our problem, 

we m u s t  maximize the  Q c h q e ,  Eqn. (2.2.20a); subject  t o  a specl-  
f ied  change i n  the  constraints ,  Eqn. (2.2.20b); and a given s ize  of 
perturbation t o  the  control  variables,  Eqn. (2.1.5). 
schleved by constructing an augmented function i n . t h e  manner of 
hgrange and maximizing t h i s  instead of drb . 
augmented function i s  

This can be 

For our problem the 

SHEET 28 

i 



i 

* 
-I z 
0 
-I 
i a 
y1 c < z 
Z 
W 
c 
t a z 
w n 
c 
a 
0 
Y .  

W Y) 

3 

NUMBER E-ll3016-5 
REV LTR 

where the . v  are P undetermined Lwranizian mul t ip l ie rs  and 'g & a 
We wish to find t h a t  

variation of the  control variable h i s to ry  which w i l l  maximize U. 
undetemfaed Wan&ian  multiplier.  

Suppose we t&e ti vwiti t icii  of :a, t h a t  is a E (  ~a ) *  men 
ye can always wri te  my da d i s t r ibu t ion  i n  the  form 

where A(t) prescribes the  perturbation shape and k i t s  magnitude. 
We can write that  pnrt  of Eqn. (2.2.22) which depende on da , the 
perturbation i n  the control  variable, i n  t he  form, 

o r  P T  

Jt 0 
where we have noted from Eqn. (2.2.23) t h a t  

a (  da) = A(t) bk 

2.2.23 

2.2 *24 

2.2.25 

2.2.26 

2.2.27 
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Now as Eqn. (2.2.26) holds for  any A(t), it follows t h a t  It is 
a general r e l a t iowhip .  
be zero. 

Further for a to  be an extrema,  66 must 

If we have mdmized by means of a control  var iable  perturba- 

"he only  way In which Eqn. (2.2.26) 
tion d a  , Lu must be s ta t ionary  fo r  d l  small perturbations t o  the  
8a , t ha t  is  f o r  a l l  6 (6a ). 
can be zero for a l l  6 ( La ) I s  fo r  t he  coef f ic ien t  of 
ident ica l ly  zero. 
sidering the case where, over some f i n i t e  time in t e rva l  between to and 
T, the coefficient of 
we could choose a 
same interval  and zero elsewhere between t o  and T. 
t h a t  88 was also pos i t ive  and hence could not be meximum. A s i m i l a r  
argument holds when 
Hence the coefficient of d ( 6a ) must be i den t i ca l ly  zero i n  the whole 
interval  to ,< t 5 T. 

6 ( La ) to be 
That this last statement is t r u e  follows from con- 

If t h i s  were the  caSe 
a( La ) dis t r ibu t ion  tha t  w a s  a l so  pos i t ive  in t h i s  

6( ba ) is, sny,yosl t ive .  
. 

It would follow 

L( 6a ) is negative over any i n t e rva l  In  to to T. 

"hus,we can wri te  

2 02 0 2 8  

Transposing, noting that W is symetr ic ,  and solving f o r  6a, we obta in  

Subst i tut ing Eqn, (2-2.29) in to  Eqn. (2.2.20b) gives 

where 

and 

For subsequent use we w i l l  a l s o  defirie 

202.29 * 

2.2.30a 

2.2.31a 

2 02 31b 

2.2.31~ 
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we can express Y i n  terms of p from Eqn. (2.2.30a):' 

{ w } =  - [I+d-+p{ds}+{ I+$)j . 2.2.32 

Substituting Eqn. (2.2.29) i n t o  Eqn. (2.1.5) we obtain 

DP2 = 4r  -% (I** + p++. { } + 1 1 { I+* 1 + 1 I b . I {  }) *2 33 

Transposing the second term i n  the right hand s i d e  bracket, we obtain 

2.2.34 

Substituting Eqn. (2.2.32) In Eqn. (2.2.34),and notine; that P++lo1 is 
spetrical ,  gives 

So 'that 
_. . .. 

2.2.36 

Substituting Eqn. (2.2.36) Into Eqn. (2 .2.32)  we obtain the remein- 
1x43 Lae;rangian multipliers i n  t h e  form 

The'optimuo control perturbat ion is  found b y  subst i tut im Eqm 
(2.2.36) and(2.2.37) back i n t o  Eqn. (2.2.29) and i e  

2.2.38 

SHEET 3J- 
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With t h i s  equation we have achieved our objec t .  Perturbing t h e  
control  variables according t o  Eqn. (2.2.38) will give us t h e  optimum 
change i n  the  t r a j ec to ry  as discussed i n  Section (2.1), w i t h  t h e  added 
ef fec t  of c h w e s  i n  t he  i n i t i a l  value of the s ta te  variables included 
through the  term i n  d/3 . We c a n  determine the  appropriate sigq t o  use 
on the  first term of Eqn. (2.2.38) by evaluating d+. 
optimum a perturbation Into Eqn. (2.2.20a) results I n  

Subst i tut ing t h e  

2.2.39 

As the quantity i n  the rad ica l  must be posi t ive to as6ure that 
t he  change i n  9 i s  rea l ,  w e  see that the negative si@ must be taken 
when minimizin& the payoff f l u t i o n  and the positive sign when 
maximizing the  payoff function. 

- 
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3.0 O ' p T W T I @ N  OF A WJLTI-STAGE TXAECK'3Y 

3 .I Intrcduetion 

a t a t e  var iables  , or s t a t e  i r ~ ~ i t i b l e  derivatives,  have a discont inui ty  
for some value, t u ,  of t h e  Independent variable,  t. Such a point  
v i l l  be ca l led  a stage p o i n t ,  and we sha l l  say t h a t  t he  portiod of 
a t r a j ec to ry  preceding a stage point is In a d i f f e ren t  n6tage* t o  
that following the stnae point. 
of a t r a j ec to ry  lying between to and t h e  first stage point; 
sth stage w i l l  be t h a t  portion of the  t raJec tory  ly ing  between t h e  

of the  t r a j ec to ry  lying between the  last s tage point and the  final 
cut-off t i m e .  

It is not unusual t o  enccunter t r ~ j e c t o r i e s  I n  which some of the  

The f irst  stage w i l l  be t h a t  por t IoA 
t he  

and sth s tage pointe. The f i n a l  stage vi11 be that  portion 

It will be convenient 'in the  analysis of t h i s  sec t ion  t o  define _ _  
a new independent variable to ' replace t. 

s t a ~ i t  In  the  following manner. 
ti-1 and terminate at time t g .  

This new independent 
. variable,  the stage time t ,  w i l l  be defined separately for each 

Let the  8 th  s tage commence a t  t i m e  
Then, 

tg  - t - 3.1.1 

80 that when 

';-lJ t 8 0 0  3.1.2 

The termination of t h e  sth stage w i l l  be determined by some cut-off 
function Q , ,  assumed t o  be of the  form 

* e (  x ( T , ) #  'e).- ' 3.1.3 
where T, is the  stage time a t  cut-off.  

tory,  unless the stage points are determined by cut-off functions of 
the form 

. a  

The analysis of Section (2) no longer holds for a staged t r a j ec -  " 

That IS, t he  stage6 a r e  of fixed length In the  independent variable.  

For suppose the  nominal  t r a j ec to ry  has an sth stage ly ing  in the '  
region 

t;-1< t 5 t i  * 3.1.5 
Then on the  perturbed t ra jec tory ,  unleae the 8th  s tage and t h e  (s-l)th 
s tage  a re  terminated in the  manner of Eqn. (3.1.4), the  8 th  s tage  
w i l l  occupy the  region 

. 
-I--- __^--.- 
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by v i r tue  of the  perturbations i n  the  o ta te  variables. 
w i l l  mean t h a t  our estimate8 of the  optimum a-perturbation together 
with the  corresponding payoff and constraint  function changes, w i l l  
be i n  error due t o  the  f a c t  t h s t  t he  F and G matricee are  incorrect 
in the regions between 

This, i n  turn, 

and 

In such a situation, a new fac tor  en ters  t h e  optimization problem, 
ror  it may be t h a t  we  can exert some control over t he  posi t ion of 
all or some of the  stage points.. 
j u s t  the  optimum control variable perturbation, but  r a the r  t he  optimum 
combination of control variable and stage point perturbations, when 
considered simultaneously. 
v i l l b e  t o  obtain t h i s  optimum combined perturbation. 

3.2 Changes i n  Payoff and Constraint Functions i n  Combined Perturbation 

Given a nominal multi-stage t ra jec tory ,  aupppse we simultaneously 

I n  t h i s  case) w e  seek t o  find, not 

Our objective i n  t h e  following section 

perturb the  control variable h is tor ies  and the  stage point posit ions,  
throughout t he  whole trajectory.  
e f f ec t  of t h i s  combined Perturbation, when the  stage terminates, w i l l  
appear as some modification i n  t he  s t a t e  variables values. This 
perturbation i n  the  first stage final ota te  variable values may be 
looked upon as a perturbation i n  the i n i t i a l  state variable values 
t o  the  second stage. The combined e f f e c t  of stage point, control 
variables, and i n i t i a l  state variable perturbation8 i n  the  second stage, 
W i l l  be t o  produce a perturbation i n  the  s t a t e  Variable values at 
the  second stage termination, and w e  m y  proceed in l i k e  manner un t i l  
t he  last  stage i s  reached. 

Considering the  f i r s t  stage, the 

. .  

t i m e  

0 Siretch A. Perturbationa i n  the  sth s t age  
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Consider now, the  las t  stage. The r e s u l t  of the t r a j e c t o r y  per- 
turbations aheed of it w i l l  appear so l e ly  as an i n i t i a l  state variable 
perturbation. '  We can therefore f ind  t h e  optimum combined perturbetion 
along the whole t r a j ec to ry  by optimizing t h e  last  stage with i n i t i a l  
s ta te  variable perturbations which e r e  a function of t h e  previous 
stage perturbations . 

' 

We commence t h i s  t a s k  by considering the sth stage on t h e  per- 
turbed t ra jec tory .  
all t h e  stages preceding the 8th V i E  appear as some perturbation 
in t he  i n i t i a l  state variable values t o  the 8th stage, say ax,. 
Suppose the  8th stage I s  terminated on the  nominal t r a j ec to ry  by 
some function of the  form 

As noted above, the  e f f e c t  of perturbations i n  

Then, provided we use the  stage time T~ as the  independent variable 
instead of t, we can f ind  the  change i n  any function of the  state 

'variables and T~ when cut-off is terminated by Eqn. 3 J . 3 ,  using 
the analysis of Section 2. For, analogously t o  Eqn. 2.2.l8c, we 

where is  any function of the  form 

{"} = %)} 

and 

3.2.3 

3.2.4 

Here and An, are obtained by integrat ing the  ad jo in t  equa- 
t i o n s  i n  stage time; through the  sth stage, eubJect t o  t h e  bowd.ary 
conditions . 

80 far, t he  cut-off function ha6 not been perturbed; t h i s  can be 
achieved by terminating the t raJectory wheo 

3.2.6 
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Instead of by Eqn. (3.1.3). 
cause a chan3e In  the  t r a j ec to ry  stage time at cut-off which w i l l  be 
given by, 

Perturbin3 the  cut-off function will 

The to t a l  change In 9, a t  the terminatien of t h e  sth stage will then  
be given by 

302.8 

Suppose we choose the  s t a t e  variables as so t h a t  

('8) - { x ( T 8 ) }  . 302.9 

Vith t h i e  &mice of Eqn, (3.2.4) becomes 
, '  

where I I s  the  unit matrix. 
par t icu lar  choice of boundary conditions by 
Eqn. (3.2.8), the  re lat ionship f o r  the  change i n  t he  s t a t e  var iables  
a t  the  termination of the  8 t h  s tage as: 

Denoting the  X q S  resu l t ing  from t h i s  
A X E ,  we obtain from . 

These perturbations a re  the  e ta te  var iable  changes t o  the  l e f t  of 
the  s+l stage point. 

The dx t o  the  r igh t  of a 6 age point, ax(+), a r e  not necessar i ly  
equal t o  those on the l e f t ,  6x( - j ,  but we can usual ly  define a matrix 
P, which will transform the  left-hand perturbation into the  right 
hand ones. 

Typically, fo r  e ~ m Q l 9 ,  ronsider t he  case of a multi-atage boost 
vehicle with a f ixed amount of Fuel i n  each stage.  
remaining portions of the  vehicle a t  the  commencement of the  eth stage 

The mass of the 
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is t h e  sum of the empty weight8 of the  remaining stages, together with 
t h e  sum or t he  f u e l  contained in thcse stages. 
a t  the  termination of the  ( ~ - 1 ) ~ h  stage r e f l e c t  changes i n  t he  
burning t i m e  of t h a t  stage. It w i l l  usuall. 
t o  t ransfer  any f u e l  remaining i n  the  (8-1) stage across the  
Interface w i t h  t h e  sth atage a n d  hence changes in the  sta te  vt i r iabh  
of mass t o  the l e f t  of the stage point may f a i l  t o  cause a corres- 
ponding change t o  the  r i g h t  of t h e  stage point. 
t h e  P matrix ViU have a null rov for t h a t  pa r t i cu la r  s t a t e  variable. 
On the  other hand, changes lrr t h e  s t a t e  variables of posi t ion t o  the 
l e f t  of a stage point w i l l .  dlways appear d i r e c t l y  as changes t o  t h e  
r i g h t  of a stage point. The correspondhe row i n  the  P m h h x  w i l l  
have unity on the  diagonal. eleffient and zero elsewhere. 
also t r u e  of the state variables of velocity, provided impulsive 
force6 are absent at the  stage joint .  

Perturbations i n  mass 

be physically irnpossibLe 
rll 

I n  such a case, 

This is  

Substi tuting Eqn. (3 -2.11.) i n t o  Eqn. (3.2.12), we obtain . 

3.2.13 

where 

and 
r -  

I 

3.2.16 

I I 
: time ----- 

(e-l)th 'stage point 6th e d g e  point 

Sketch B - Position of Functions Defined i n  the sth Stage 
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Similarly, the components for lonzitude chngee are 

3.2.1Bb 

? 

In addition to t h i s  type of Ini t ia l  p o 3 t  perturba-ion, we may have 
some changes resulting from the previous iterations,  A{ Combin- 
ing both types of perturbation, the total change i n  the 
etate varlables i s  

first stage 

Knowing the 6x1 we can compute the to ta l  i n i t i a l  value perturbations 
In the second stage by using Eqn. (3.2.17) 

. - 
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I n  some cases, we may wish t o  bpeCif"y clilditional perturbations in 
t h e  state variables t o  the  right of R Stage p i n t .  
returning t o  thc  case of a multi-stage boosterj  i n  a more sophisticated 
analysis of booster capability, one may wish t o  consider var ia t ions 
in t h e  i n i t i a l  mass of fuel contained within each stage. Typically, 
In a given i t e r a t i o n ,  the amount oi' fue l  consur;,ed i n  the  s+ l th  s tage  
may be e i t h e r  less than, o r  greater than, t h e  t o t a l  amount of f u e l  
8vailabl.e i n  that stage. 
the i n i t i a l  amount of f u e l  contained i n  the stage must be adjusted 
In  the  next i t e r a t ion .  It is essc:itial t o  have a mechanism within 
t h e  optimization analysis,  which w i l l  permit these required changes 
t o  be specified. The P matrix, aa described above, I s  unable t o  pro- 
vide t h i s  mechmlsm, for t he  odditional chan(3es may c l ea r ly  be functions 
of t h e  state variable perturbation8 a t  t h e  termination of t h e  ( 1 3 + l ) ~ ~  
stage, r a the r  than at the  termination of the  sth stage. "he P matrix 
1s p r i W i l y  introduced t o  convert changes i n  t h e  state var isbles  at 
t h e  termination of t he  s t h  stage in to  state variable changes a t  t h e  
beginning of the ( ~ + l ) ~ ~  stage. 
variable perturbations (Axs+l/which we specify 
introduced. 
ations therefore  becomes 

For example, 

If t h i a ,  o r  a similar s i tua t ion  CWiseS, 

Accordingly, a set  of addi t ional  state 
d i r e c t l y  will be 

The complete expression f o r  t h e  state variable perturb- 

With Eqn. (3.2.17), we have achieved our f i rs t  objective: 
formula which enables us t o  predict t h e  i n i t i a l  state variable 

stage are known and additional changes are d i r e c t l y  specif ied in t h e  

a recursion - 
turbatlons in t h e  ( ~ + l ) ~ h  stage vhen t h e  perturbations I n  the  s P' h 

in i t ia l  values of the ( a+ l ) th  stage state variables.  

The recursion forrnda Eqn. (5.2.17) can be applied t o  each s tage  
in turn, commencing with t h e  first. I n  t h e  cam of t h e  f irst  stage, 
t he re  will be no perturbations of the  i n i t i a l  c t a t e  var iable  due t o  
prior stages, but there  will be pertw?mtions t o  the  s t a t e  variables 
I f  a search for the optimum trajectory i n i t i a l  conditions 1s being 

. 

- made. 

These initial value perturbations w i l l  be 6ome combination of 

For example, suppose we seek t h e  optimal launch point 
state variable vectors dictated by the pa r t i cu la r  problem under con- 
sideration. 
for a mobile missile. 
terms of l a t i t u d e  and  longitude, and then on successive I t e r a t ions ,  
perturb the  hunch poin t tcwmds the optimal position. 
a t i o n  In l a t i t u d e  i s  a state variable vector having components 
corresmnding t o  t h e  posit ion s t a t e  ver lables  and zero8 elsewhere, 

We may express our nominal launch point in 

The perturb- 

3.2.18e 

.. 
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and the next 
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Knowing the i n i t i a l  perturbations to the l a s t  stage, we can 
apply Eqns0(2.2.2D) in s tage time t o  f ind the change8 in the payoff 
function + a  and the constraints. 

3.2.29 

and on eubstituting for axN . .  

302.32 , 

vhere 
TN 

3 02.33 
0 

9 

3.2.34 ' 

It l e  convenient t o  combine the  integrals, K s r  through each stage 
into a single set of integrals throughout the complete traJectory. 
To accomplieh th i s ,  we define . 

- 
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The first term, vhich is the  summation of a set  of integrals 
throughout each stage on the imAwrtil-rbed trn_,ject-ory, can be cmblned 
h t o  one integral by reverting t o  the  criginal independent var iable  
t o  That I s  

Ellmilarly 

Eqns. (3.2.39) and (3.2.40) give the  t o t a l  change In payoff and 
constraint  functions when the t r a j ec to ry  simultaneously undergoes 
perturbations i n  the control var iable  histories, etage point  posi t ions 
and Initial s t a t e  variable values in each stage. The sene i t l v l ty  
of payoff and constraint  functions to these var ia t ions  is  immediately 
apparent. For pulse variations i n  the  control var iables  a t  time t=t*, 
the Individual senoi t iv l t iee  of the payoff function are the  elements 
of the row matrix, 

3.2.41 
. .  , 
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The individual s e n s i t i v i t i e s  of  t h e  c o n s t r a h t  functions t o  cont ro l  
variable pulse perturbations are s imi la r ly  t h e  elements of the rec- 
tangular matrix 

3.2.42 

The sens i t i v i ty  of the  payoff f u n d i o n  with respect t o  stage 
point variations follows d i rec t ly  from t h e  second term of Eqn. 
(3.2.39). If t he  8 th  stage alone i s  perturbed by ATs, we see that 

3.2.43 

Similarly, the  constraint s e n s i t i v i t i e s  with respect to stage 
point perturbations are obtained from Eqn. ( 3 . 2 . k ) )  as 

3.2.44 

Finally, t h e  s e n s i t i v i t i e s  t o  i n i t i a l  state variable value per- 
turbations i n  each stage can be obtained from t h e  last terms i n  Eqns. 
(9.2.39) and (3.2.40). 
6 th  stage a re  the  elements of 

The payoff function s e n s i t i v i t i e s  for t h e  

3.2.45 
. .  

and t he  constraint function seno i t iv i t i e s  for t h e  8 th  stage are t h e  
elements of t he  rectangular matrix 

3.2.46 

In general, we must consider two types of stage points: thoee 
whose perturbation i s  prescribed and those which we  are free t o  
optimize. . Hence, we can write 

where theATst a re  prescribed and the  AT- are t o  be optimized. 
Subatituting Eqn. (3.2.47) i n to  Eqn. .3.39), we obtain 

3.2.47 

3 2.48 
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Substi tuting Eqn. (3.2.47) i n t o  Eqn. ( 3 . 2 . h ) ,  we ob ta in  

vhere all t h e  quan t i t i e s  which we wish t o  specify d i r e c t l y  are 
grouped together I n  the term, 

. With Eqns, (3.2.48) and (3.2.49), we have a t t a ined  our first 
objective: expressions for the  change i n  the  payoff and constraint  
functions resulting from a general perturbation of cont ro l  var iable  
h i s t o r i e s  and stage point perturbations. 
has ye t  t o  be found. 

3.3 Derivation of Variational Equations 

The optimal perturbation 
This task w i l l  be attempted in t h e  next section. 

!he analysis of the  preceding section r e su l t ed  in expressions 
for the payoff and constraint function changes when 8 combined per- 
turbation i s  introduced i n  the control variable h i s to r i e s ,  stage 
point posit ions and i n i t i a l  s t a t e  varicble values i n  each stage. We 
vi11 now attempt t o  optimize the  payoff function change while a t  the 
same t i m e  d i r e c t l y  specifying changes i n  the conetraints,  { 6 #  
and t h e  Initial state variable values i n  each stoge { A xs \ . InD . 
order t o  obtain a meaningful solution, we must place l i m i t s  on t h e  
perturbation magnitudes. We l i m i t  con t ro l  variable perturbations in 
the manner of Sectzon 2 by introducing a constraint  

A similar constraint  (IYl?*) muet be introduced t o  l i m i t  t he  t o t a l  
etage point perturbation. 

where the  V, are a set  of weighting functions which may be used t o  

Proceeding as i n  Section (2.2) , we may construct an augmented 

modulate t h e  optimal stage point perturbations. 0 

function i n  t h e  manner of Lagrange and minimize (maximize) t h i s .  
the present case, t h e  augmented function is 

In 
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3.3.2 . 
where w i s  a Lagrangean Multiplier introduced for the stage point 

' perturbation constraint. 

First, we differentiate with respect to each stage point perturb- 
ation which we 6eok t o  optimize. "his results  In 8 equatione, 

3 e 3 . 3  

Theae expreeeions must dieappear for U t o  be extremalized, 
tor the ATB , we obtain .the equatione: 

solving 

3.3.4 

Squaring both s ides  of Eqn. (3 .3 .4 ) ,  multiplying throughout by v=, 
summing the E equations and ueing Eqn, (3.3.1) 
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Rearranging Eqn. (3 .3.5) and taking the summation into the matrix 
product 

or L 

3.3.6 

where 

3 03.7 

3 03.9 

3.3.10 

Second, we take a variation of ba t o  Eqn. (3.3.2) I n  a similar manner 
to  Section (2.2) 

' 3.3.11 

3.3.12 

3 *3.13 
. . - .  - 
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Substituting into Eqn. (3 2.49) t 

where ve define 

3 03.15 

3.3.16 

3 .337 

3 03.19 
Substituting Eqne. (3.3.8) and (3.3.9) in to  Eqn. (3.3.19), multiplying 
throughout by ~ W C (  and collecting term8 on the left 

Third, we substitute Eqn. (3.3.13) into Eqn. (2.1.5) 
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Eqns. (3.3.6), (3.3.20) sad (3 .3.25)  are t h e  v a r i a t i o c a l  equations which 
must be solved t o  obtain the Lr,,-z,nZem ~ : i I t i p l i e r  introduced for t h e  
constraints cf ~ q r ? ~ .  f~ ,- . *. 1 5 )  snd (3.3=1) 

A closed form so lu t ion  t a  the  optimal s taz ing  equations can be obtained 
if separate IC7 =inL?-'?n itLtir,lier.c far the c o c t r o l  var iable ,  and 
stage point per turbat ions are abandoned. 
and defining R s ingle  step-size ynrme te r  by the expression 

Combining these perturbations* 

results i n  the c rca t ioc  of a sir.& perturbat ion measure. It should be 
uoted t h a t  the wei&tin< furct ion,  Vy , nust now be a dimensional 
quant i ty  t o  ensure con ip t ib i l i t y  bet-deen both portions of Eqn. (3.4.1). 

WThis approach vas su&.gested b;i V!. R. L. Mobley now of t h e  Rand Corporation. 
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Returning t o  the  a w e n t c d  fhuaction of Eqn. ( ~ . 3 . 2 ) ,  we see hat in t h e  
%%LG cubotitution can also be rnade in l as t  line we must now replace o by ji. 

Eqns. (3.3.3) t o  (3.3.6). Eqne. 0 -3 .6)  mid (3.3.22) can then be combined 
to obtain 

L J 

Subst i tut ing p for w into the equalioze Leading t o  Eqn. (3.3.m) 
rtesulta in the expression 

c 

3.4-3 

It follows, by comparison with Eqns. (2.2.34) and (2.2.3Oa), t h a t  p 
are given by Eqns. (2.2.36) and (2.2.37) provided we replace t h e  and 101 

. { dol  by 1 ar) and the I by t he  appropriate (J + L). For example, 

3.4.4 
144- Jd+ + L$* 

The optimal control variable pr turba t lon  i a  then given by Eqn. 
(22.38) v i t h  the  I replaced by the (JA) and t he  A by t he  appropriate A, 
For example 

.{%*}- (Ass} 3.4.5 

Subst i tut ing )c and { a91 into Eqn. (3.5.3.), the  optimal s tage point 
perturbations are obtained in the form 

With these equations, we have obtained the  general  solut ion 
The  FA difficulty i n  applying t h e  results t o  t he  optimal staging problen, 

respect, t he  concepts in iiefzrence 3 ~ E F V ~  88' a guide. 
lies 'in determinine s?litu?.le weighting matrices. In t h i s  
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It should be noted t h a t  t h e  crptimql control  perturbation 18 d i r e c t l y  
p r o p r t i o ~  to the izversc c?f the veighting matrix W and the optimal 
U t a &  point perturbation8 tire d i r e c t l y  p r o p r t i o n a l  t o  t h e  1tWerse 
o? t h e  d i a s x s l  c x t r l x  f o r r r 4  Pr2m trcl,-htitig parcsli-eters Vs. 
These equations Indicate t h a t  ~ n j r  deeccndir?g d i r ec t ion  i s  a 
possible steepest-descent direct ion when minimizing and conversely Rny 
ascending d i r ec t ion  i s  R possible ~ t e e p s t - a s c e n t  d i rec t ion .  
By choosing t h e  wel&ting rra+,rlees en?  weighting parme te r s  
appropriately t h e  steepest-descent/ascent d i r ec t ion  can be made equal 
t0 that of any favorable perturbation w h i c h  provider the specif ied 
end point changes. 

R o m  a nominal con t ro l  his tory and set of stage t i m e s  the steepest 
descent process can be applied i t e r a t i v e l y  by means of eqmt lone  
2.2.38 and 3.4.6 mti l  t h e  terminal p i n t a  are satisfied and t h e  
performance ceases t o  improve. The main d i f f i c u l t y  i n  npply ingthe  
method l les i n  t h e  deteminRtion of s u i t a b l e  weiefiting matrices and 
weighting parmeters. 
the perturbation magnitude JX 

To use2the method e f f i c i e n t l y  reasonable veluea of 
and t h e  conetraint  change vector 

mu& be determined. 

A highly succeseful approach t o  t h e  determination of thece quan t i t i e s  
i8 t h e  convergmcs scheme of Reference 2. There these  q u ~ n t i t i e e  are 
determined by means of a second ordcr  approximation t o  the ac tua l  non- 
linear behavior of t h e  t r a Jec to ry  per turbat ions Introduced by the  
O p t i n n 1  flr6t order cont ro l  Rnd stage perturbation8 o f  Eqne. ( 2.2.38) 
and 3.4.6 and a s e r l e a  of log lca l  decisions. 
terms of a single scalar perturbation parameter, K, is used for t h i s  
purpose. The f i r s t -o rde r  changes i n  t h e  t r a Jec to ry  function6 of 
lnterest and t h e  combined perturbation parameter are determined according 
t o  the equations 

. 
A Taylor expansion in 

2 2 DC2 = Kl DCo 4.1 

- 2 The nominal control  perturbations, DC , and constraint  changes, dJb, 
are determined by t h e  convergence lo&. It can be seen from the  
equation6 of t h e  preceding sect ion t h n t  i n  add i t ion  t o  t h e  l i n e a r  
relationships of .  Eqn. (4.1) R further l i n e a r  r e l a t ionsh ip  between t h e  
performance function change, d+, and. the scalar perturbation parameter, K, 
exists for 

4.2 
2 

d@ - K1 d b  
c 

where d+ 
follows Prom a Taylor6 exparzsion for the a c t u a l  non-linear change 
In t h e  performance and constraint  fu ic t lons ,  A 4  and A? that 

is  t h e  performance change aasociftted w i t h  dJb and dCo. It 

-- 
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where A ,#,o end AJbare the  ac tc r l  m.;..-lir,ear 2 s p f f  aqd constraint  function 
changes obtained by 8.2 exploratwjr perturbation of  the t r a j ec to ry  
with K = 1. Further details of this nethod are contained i n  Reference 2. 

. 
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APPLIC.4TIOIJ OF TEE STET.2FFST-3YSCp-Y' ---- tTY'EOI) 

The p w s e  of t h e  t r a j e c t o r j  o p t h i m t i o n  appl ica t ion  was threefold.  
Erst, it xas desired t:, d i s c o v ~ r  cnc? znalyze m y  miqne  cha rac t c r i s t i c s  
o f t h i s  hybrid leunch systcui and t o  i den t i fy  any unexpected behavior. 
Second, it was ant ic ipa ted  t h p t  t h e  r e s u l - t a n t  t r a j e c t o r y  could be used 
t o  eval3P;te a l m b d s  guid.-nce sirnulrrtor whjch vas developed f o r  t h e  
study of an advmced guidance technique. 
use optlC1u.x basel ine p e r f o m a x e  i n  an e f f o r t  t o  ob ta in  xnore rr.eaningfu1 
payload penalty data.  

Third, it was desired t o  

Phase I s tudies  bas i cz l ly  involved c lass ic31  pqrarnetric techniques 
for determination o f  perfomance. The missions were segmented and 
analyzed as subarcs of the  whole t r a j ec to ry .  
neglects  t h e  in t e rac t ion  of  a d j a c m t  fliat phssea and ccm2letely 
ignores t h e  p s s i b i l i t y  of unmpec5ed t r a j e c t o r y  behavior. 
Phase I1 s tgdies  were d i rec ted  toward l e s rn ing  a 6  much as possible  
about t h e  optimsl perfcmience and fliat pa:h of the  hybrid launch system. 
Detailed considerat ion of t h e  t r a j e c t o r y  optimization problem es tab l i shed  
that a s ing le  t r a j e c t o r y  with any of  t h e  a v a i h b l e  optimization computer 
programs would not produce the desired r e s u l t .  None of the optimizntion 
programs present ly  avai lgble  hac t h e  mult iple  vehicle  capab i l i t y  
reydired by t h e  k:3~130r;r cr i te r i i  e ~ t 3 b l i s h e d  by nybl t r i l  rendezvous 
and stage one r e t u r n  to base. Tse c c z p t e r  5001 reqtJired t o  D b t a i n  
the desired t r a j e c t o r y  vouid con%ain a l l  t h e  f ea tu res  of present ly  
operat ional  s teeges t  descent op th i z .%t ion  prograins p lus  t h e  added 
capab i l i t y  of mi l t  i p l e  s e t s  o f  end cons t r a in t s  o r  boundary conditions.  
For the  present  study, t h i s  simply mems the  end cons t r a in t s  o f  both 
t h e  first and second stages m u s t  be simultaneously n e t  i n  such a way 
as t o  pas6 a l l  unused stege one mPsE ipto s t aze  two f o r  t h e  purpose 
of Improving payload. Inaemuch as a n u l t i p l e  vehic le  program i s  not 
present ly  ava i l eb le  an e f t e rna te  two- step Rpproach was devised which 
would s a t i s f y  the  sforementioned object ives .  

A. 

This technique necessar i ly  

Therefore, 

Optimize t h e  Stage l / S t q c  2 t r a j e c t o r y  from takeoff  t o  o r b i t a l  
rendezvous using t h e  op t lna l  staging technique. 

B. Optimize t h e  Stage 1 re turn  t r a j e c t o r y  from the s t ag ing  
conditions e s h b l i s h e d  i n  A. Any excess f u e l  can then  be 
t r a n s l a t e d  i n t o  payloed using t h e  rims exchange r a t i o  f o r  
Stage 2 es tab l i shed  by A. 

These s tud ie s  should produce near tr!axim~m paylozd i n  o r b i t  and give some 
ins ight  i n t o  optimal laizich vehicle  operat ion fmm a performance aspect. 

The Stage l/Stage 2 op th izx t io? .  problem i x s  first t r i e d  w i t h  a fixed 
stage optimization pmgraa. The i n t en t  v?-s t o  deternine the s t ag ing  
time ky parametric vcr iz t ion .  
The f ixed  s tage p r o g a s  w a s  abacfioned in favor of an experimental 
optimal s tag ing  pragam a f t e r  t h e  f ixed  s tage program f a i l e d  t o  

This study is  described i n  Sect ion 5.1. 
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converge. 
i n  Section 5.2. 
u t i l i z i n g  t h e  stage 1 s t e t e  a t  EtaQng a s  i n i t i a l  conditions i s  
discussed i n  Sectio:: 5-3. 

The Stage l/Stage 2 optimal s tag ing  solt-tion is discussed 
F ina l ly  the  opt inn1 Stage 1 re tu rn  t r a j e c t o r y  

5.1 Fixed StaF-c @timizatiDn 

Tht S t ~ g e  I/Stage I1 t r a j ec to ry  comences immediately after t ake  o f f  
w i t h  t h e  followin& vehicle state: 

Weight, W (498,000 l b s . )  226,m kf3 

Fl ight  path angle, = o  
Velocity, v = (400 ft/gec. 2 2  m/sec* 
l a t i t ude ,  = 336330 N 
bngi t  ude, = o  
Heading Angle = 180°, (due South) 

Altitude , = (1*m ft.) 305 m 

A non-rotating earth, and a 1959 E&DC atmospheric model v e r e  employed 
for t h e  ca lcu la t ion .  The vehic le  physical  c h a r a c t e r i s t i c s  employed 
are contained i n  Part I of t h i s  report .  

t e m n n ~ k  conditions iLipsed on t h i s  uiission were: 

Alti tude,  = (268 N . M . )  485 km 
Flight path angle, = o  
Velocl ty ,  V = (24p f t /sec)  7,620 m/sec. 
Latitude , 
Beading anae,  = 9 ,  (Due ~ a s t )  = 8  

These end cons t r a in t s  impose a 485 k m  (262 N.H.)  c i r c u l a r  o r b i t  conditioc 
with longLtude free,  i n  the equator ia l  plane. 
maximized. Three continuowly varying controlG were employed i n  t h e  
calculat ion,  p i t c h  angle, 8, bank angle, B and throttle, N. The 
ac tua l  p i t c h  angle employed i n  these  calc&tions was t h e  s c a l a r  sum 
of t h e  flight path angle,  and t h e  t o t a l  angle o f  attack,-  ; t hese  
two angles are not i n  a p h n e  when t h e  vehicle  is  banked. 
cons i s t s  of a ro t a t ion  about t h e  ve loc i ty  vector  a t  constant p i tch .  

F ina l  o r b i t a l  mass was 

Bark angle 

In - f l i gh t  inequal i ty  cc) t r a i n t s  were pleced on (I) sonic boom, which 
was l imi t ed  t o  143.6 I:/;,L ’ $’ psf) d i f f e r e n t i a l  over-pressure, (2) 
dynamic 
9576 N/$ (2OC) p s f )  i n  the second stage, e.nd (3) t h r o t t l e .  The f irst  
stage throttle was litnited t o  1.0 vhich corresponds t o  f u l l  t h r o t t l e ,  
and t h e  second s tage t h r o t t l e  W E  l e f t  f ree .  A maximum Kach number 
cons t ra in t  of 7.0 was also imposed throughout t h e  first stage flight. 

r e smre ,  95,760 I? J? (2000 psf )  i n  t h e  first stage and 

A slowly tu rn ing  i n i t i d  nornjnal t r a j e c t o r y  w a s  einployed using constant 
bank angle, full t h r c t t l e ,  and constant p i tch .  This t r a j e c t o r y  was 

. de l ibe ra t e ly  chosen i n  a nm-o2tirntll fzshion i n  order  t o  avoid any pre- 
supposit ion with r e p r d  t o  th?  cha rnc te r i c t i c s  of t h e  optimal f l i&t  
path. If a l s o  provides R srzmthly varying con t ro l  h i s tory .  Past  
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experience he6 indicotcd t h i s  t o  be a desirable  fea ture  o f  an 
i n i t i n l  control  ymfi1.e t o  f a c i l i a t e  rapid convergence. 

In l t i a . l l y  4 solut ion was soueht wtth t h e  program o f  Refercnce 7 
ueing n f ixed stage time. A t  t h i s  point, in t h e  study, t h e  in t en t ion  
was t o  pn rase t r l cq l ly  vary t h e  a t n @  time, reoptimizing t h e  path each 
t h e .  By t h i s  uems t h c  optimP-1 Etase point cou.lcl be locater). 
optlmizotion p r o p m  of Rt?ference 7 VRE chosen t o  provide cornpati- 
b i l i t y  w i t h  t h e  lnmbcln guid-ince simulateor of t h e  present report. 

The 

The t r a j e c t o r y  developed a f t e r  32 i t e r a t i o n s  thmugh t h i s  computer 
progrm is shown in F i p r e s  5-1 t o  5-7 toEether with t h e  i n i t i a l  
nominal p r o f i l e .  DurinG Stage I, t h e  f l i g h t  path remains c lose  t o  
t h e  i n f l i g h t  inequal i ty  c o n s t r ~  i n t  houndaries i n  a Mach-altitude 
sense. Severe v io l a t ions  of t h e  t h r o t t l e  inequal i ty  c o n s t r ~ i n t  occur 
et t h e  beghn ing  and end of Stage I, Figure 5-7. 
for Stage 11 revenlr; t h a t  zt const had devcl.oped, punctuated by shor t  
bursts of  pier. The t u r n  i n t o  t h e  equetorinl  plane is  marked by 9. 

pmnoiincd dog-leg during the  staring maneuver RS shown by the  
ground t r a c k  of The porti9n of t h e  f l i&t  peth 

~ ~ ~ . c c c A ~ I A L :  this motion was practiciAly norrnnl t o  t h e  equator ia l  plane. 
slight Westerly deviation had occurred with 3 r e s u l t i n g  howjng out 
of t h e  f l i g h t  p t h  stown-in Figure 5-1. 
had s fgn i f i can t ly  improved over t h e  1iomiml vnlues. The start mqss 
for Stpge 1 at  t h i s  point was about 64,800 kg (143,000 lbc.)  
terminal a 6 6  i n  o r b i t  was agproxin?etely 12,200 kg (28,000 l b s . )  d v i n g  
a me68 ratio of 5.1. 
indicated a weight r n t i o  of 4.65 vas  a t t a inab le ,  it WRS concluded 
t h a t  further improvements i n  t h e  t r a j e c t o r y  were possible  from R 

perfomance standpoint. Accordtngly, t he  cslculat ions were continued 
u n t i l  i t e r a t i o n  40 with the  result^ given in Figure 5-8 vhich show 
t h a t  t h e  calciilntion8 were diverging from t h e  desired end point.  
t h i s  point t hese  c i t cu ln t i ans  were abnndoned Gince t h i s  divergence 
Was traced t o  t h e  presence of 6pwious perturbations i n  the  control  
var iable  h is tory .  
introducing end point changeg of t h e  magnitude of 120 km ( b 0 , O O O  ft.) 
in t h e  terminal conditions. 

The t h r o t t l e  h i s to ry  

Figure 5-1. 
A 

The tcrmlnai conditions 

The 

Slnce Phase I Studies of  Stage 2 performance 

A t  

These spurious perturbations were capable of 

5.2 Optimal StaginR Solution 

. A t  t h i s  po in t  i n  t h e  study t h e  calculat ions were continued using an 
experimental optimal staging promam developed from t h e  computer 
program of  Reference 5 .  The parametric study o f  s taging point  posit ion 
is avoided by t h e  use o f t h i s  progrnm. Further, s ince  it was apparent 
f r o m  t h e  previous cnlculntion t h a t  R coast period had developed, t h e  
second stage t r a j e c t o r y  was divided i n t o  a boost-coast-booot miosion. 
Each o f  t hese  stages retained continuous control  of pitch,  bank 
and t h r o t t l e  i n  t h e  powered stages together with the ' con t ro l  of t h e  
duration of each stage.  
Rutomt ica l ly  perturbed by t h e  nteepest-descent method, t h i a  approach 
intmxluced th ree  addi t ional  con t ro l  parameters: one for  t h e  end o f  
Stnge I, R second f o r  the termination o f  t h e  first burn o f  Stage 11, 

Since t h e  duration o f  t h e  last s tage  i s  
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and a t h i r d  a t  the  end of Stage I1 coast .  
sodi f ica t ions  resu l ted  i n  considerdbly d i f f e ren t  end conditions 
f r o m  t h e  values obtained on cycle 32, par t i cu la r ly  i n  t h e  terminal 
s l t i t m l e  at ta ined.  

These 

Since subs tan t ia l  a l t e r a t ions  had t o  be mnde t o  t h e  propam of 
Reference 5 i n  order t o  solve the  present problem, the  program was 
f l r s t  checked against  a previously reported result. An o r b i t a l  . 
t m e f e r  problem Involving a boost-coast-boost t r a j e c t o r y  contained 
I n  Reference 4 was used f o r  t h i s  purpose. 
obtained shoved agreement t o  four s ign i f i can t  f igures  with t h e  r e s u l t  
presented on page 489 of Reference 4. 

The optimal-situation 

On completion of t h i s  t e s t  problem the  optimal s tag ing  program was 
applied t o  t h e  e n t i r e  Stage I/Stage I1 t ra jec tory .  
plots f o r  t hese  calculat ions are shown In  Figures 5-9. 
It can be seen f r o m  t h e  performance function convergence plot, 
Flgure 5-9, t h a t  t h e  terminal o r b i t a l  mags i s  14,200 kg (978 slugs) .  
The lnunch vehicle configuration under inves t iga t ion  therefore  pro- 
vides an o r b i t a l  mass t o  i n i t i a l  mass r a t i o  o f  .063. 
approximately 16 s lugs  of i n i t i a l  weight are required for each slug 
I n  orbit .  This compares with a figure of  18.5 t o  1 obtained I n  t h e  
F’h~ise 1 study by more orthodox performance techniques. 
6een f r o m  Mgure 5-10 tha t  a l l  t he  terminal  conet ra in ts  imposed were 
c6sent ia l ly  m e t .  
A t  t h i s  point t h e  calculat ions were Interrupted and f o r  a period 
Stage I and Stage I1 were s e p u a t e l y  optimized. F i r s t ,  t h e  temlnal 
mas8 of Stage I was optimized t o  the  s tag ing  conditions eotoblished 
by t h e  Stage I/Stage S I  calculat ion a t  cycle  22.  The behavior of 

. t h e  Stagc I mss during theoe ca lcu la t ions  i s  shown i n  Figure 5-10. 
Following t h e  separate Stage I opt in izn t lon  calculat ion,  Stage I1 
o f t h e  vehicle  WRS sepnrately optimized from t h e  new i n i t i a l  conditions 
establ ished by the  Stage I alone calculat ion.  
performance Function m a 8 6  I n  o r b i t  during theee calculat ion8 I s  chown 
I n  Figure 5-11. 
were brought together q + i n  and t h e  complete Stage I/Stage I1 optiml- 
za t ion  was continued. The behavior o f  theoe ca lcu la t ions  can be 
seen from Figure 5-9 following cycle 22. During this last period of 
ca lcu la t ion  various combinations of weighting matrix and weighting 
parameters were employed. 
choice of weighting matrix o r  weighting parameters had l i t t l e  e f f e c t  
on t he  r e s u l t s ,  as might be an t ic ipa ted .  

The f i n a l  cont ro l  h i s to r i e s  for the  coxpletc Stage l /Stage 2 t r a j e c t o r y  
are shown i n  Figdres 5-12 t o  5-14. The f i n a l  ve loc i ty-a l t i tude  profile 
for the complete mission is  shown i n  Figure 5-15. 
2322.6 seconds. 
previously an t ic ipa ted .  A v io la t ion  of t h e  inequa l i ty  cons t ra in ts  occurs 
j u s t  p r i o r  t o  s taging because the ca lcu la t ion  w a s  not  continued t o  a cam- 
plete so lu t ion .  The Stage 2 p r o f i l e  i s  considerably d i f f e r e n t  than t h a t  

Converpnce 

That is, 

It can be 

The convergence p l o t s  show a break a t  cycle  23.  

The behavior of t h e  

Folloving optlrnization o f  t h e  separate otages they 

In  the  terminal  phase of the ca lcu la t ion  

Staging occurs a t  
The Stage 1 cru ise  i s  a somewhat higher a l t i t u d e  than 
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of Figire 5-2 using t h e  f i x e d  stnee promnrn. 
d.iFcu6Sed I n  more de tn i l  Jn Section 6. 

The t r a j ec to ry  i s  

Using t h e  f i t a g i n y  conditions es t a l~ l i shed  by t h i s  ca lcu la t ion  thc  
re turn  t rnJectory was optimized 3 s  nn independcnt problem. 
I n i t i n 1  conditions f o r  t h i s  ceLculat1on a t  Gtaging w i t h  n mass 
decrease of 118,500 kg (261,603 lbri.), m e :  

The 

Velocity = 2,115 m/scc (6,942 ft/sec). 
Altitude = 39.5 km (129/594 f't) 
G m s  a 9. looo 
In t l tude  = 0 523, 
Longitude = ' 6 .  71i0 
Heading = 102.433 
IJbSS = 118,500 kg (8,131 slugs)  

The object lvc i n  t h i s  mjssion segnent WRP t o  r e tu rn  t o  base with 
a minimum fue l  expenditure. 
were choGen ns: 

Accordinglj t he  terminal cons t ra in ts  

Latitude = 33.333' 
Iongltude = 0 
Altitude 15.2 km (50,000 ft) 

The first constraint ,  lo t i tude  wa6 used a6 cutoff  f m c t l o n  s ince 
t h i s  appeared t o  be the  most l i k e l y  t o  increase i n  a monotonic 
fashion. 
calcuT,ation. The control h i s t o r i e s  used were: 

Once a s i n  a smooth nominal was employed f o r  t he  optimizetion 

Pi tch Angle = 6" Conctnnt 
Bank Angle = 10' decreasing t o  0 
Throttle Constant = .7 

The f i n a l  optimal t r a j ec to ry  obtained after 25 i t e r a t i o n s  i s  shown 
I n  Figure 5-16. Convergence behavior during these  calculat ions are . The f inal  ITASS on the  optimum t r a j e c t o r y  is 
107,000 kg r 7,343 *-I7 slugs) ind ica t ing  a f u e l  expenditure of 11,470 kg 
shown in FI 

(25,344 l b s . )  This represents a reduction i n  r e tu rn  fuel require- 
ments of 3,170 kg (7 ,W l b s . )  with amounts t o  a 28% reduction i n  
the amount of f u e l  required, coxpared t o  the  Phase I parametric study 
results. 
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6.0 ANALYSIS OF THE TRWEC"0MIIES 

Detailed discussion of each phase of  t h e  t r a j ec to ry  are contained 
below. 
outbound mission, Stage I1 ascent t o  rendezvous, Stage I return, nnd 
t h e  s taging maneuver. 

For t h i s  discussion the mission has been div'lCed i n t o  Stage I 
, 

6.1 Stage I Outbound Fl ight  PRth 

Details of the  Stage I outbound and re turn  segments are shown i n  Figures 
6-1 t o  6-3. 
per t inen t  state conponents i den t i f i ed .  
longi tude of 6.7O E a s t  and at a l a t i t u d e  of about 0.5" North. The f a c t  
t h a t  t h e  Stage 2 launch does not occur i n  the  equa to r i a l  plane was 
ant ic ipa ted .  The outbound cruise  f u e l  used var ies  almost l i n e a r l y  with 
l a t i t u d e  change as shown i n  Figure 6-3 ( the  rate of f u e l  consumption i S  

constant) .  
per turbat ions a t  t h i s  point  var ies  parabol ical ly ,  having zero  s lope for 
zero o f f s e t .  
ind ica ted  suboptimal. r e l ease  p o i n t  about a quarter  of a degree North 
of the  Equator. 
t r a j e c t o r y  dynamics, es tab l i shes  the  s tage  poin t  a t  about ha l f  a degree 
North of the  Equator, with re lease  occurring a t  a heading angle 12" South 
of East. It should be remembered t h a t  t h i s  r e l ease  point  is  obtained 
without considering t h e  e f f ec t  of the  Stage I r e ix rn  path.  Analysis of 
the e f f ec t  o f t h e r e t u r n  on a seven coxponent s t a t e  would be e s s e n t i a l l y  
speculat ion without t he  use of t he  f u l l  system dynamics. 

Figure 6-1 shows the  ground t r ack  with t i m e  t i c k s  and 
The s tag ing  point  occurs a t  a 

However, t h e  Stage I1 f u e l  required for s m a l l  out-of-plane 

A conventional ana lys i s  of t h i s  t r ade  using a f u l l  90" t u rn  

The optimal f l i g h t  path which i s  obtained with the  full 

It can be seen f r o m  t he  Mach - a l t i t u d e  p r o f i l e  of  Figure 6-2 t h a t  R 

highly dynamic s tag ing  maneuver has been developed. 
synerget ic  zoom-turn because of i t s  unique character.  
In fu r the r  d e t a i l  below i n  Section 6.4. 
Figure 6-2 that t h e  accelerat ion f r o m  Mach 3 t o  Mach 7 does not  follow 
t h e  dynamic pressure inequality cons t ra in t  boundary. Below Mach 3 t h e  
sonic boom overpressure l i m i t  i s  followed. 
t h r u s t  ramJet engine, however t h e  vehicle  climbs u n t i l  reaching Mach 5. 
Above t h i s  Mach number the  
profile of about 11,800 Pi/$ (800 p s f ) .  The acce lera t ion  above Mach 5 
I s  qu i t e  gradual t ak ing  about 890 seconds t o  reach c ru i se  a l t i t u d e .  
Figure 6-3 shows fue l  consumption slope In t h i s  region t o  be cloEer t o  
cruise than accelerat ion conditions. 

It is c a l l e d  a 
This is discussed 

It i s  a l co  apparent from 

On s tag lng  t o  the  higher 

ehlc le  tends t o  follow a dynamic pressure 

Cruise occurs I n  t h e  region o f  Mach 6.8, a somewhat lower ve loc i ty  than had 
been an t ic ipa ted  from the  steady s t a t e  ranee equation. 

about *=Om "$" 1 3  01' t h e  outbound f l i G ' l t  path. A pronounced knee occurs i n  t h e  
Mach-altitude p r o f i l e  a t  Eract 5 .  Analysis of  t h e  engi'ne data indica tes  
t h a t  t h i s  i s  t h e  point a t  xhich t h e  t h r u s t  coe f f i c i en t  of t h e  ramjet 
engine first starts t o  f a l l  o f f .  It may also be noted t h a t  t h i s  is also 
t h e  k c h  Number a t  which tne  crt l ise dynamic pressure i f f  first acquired. 
E i the r  or both of  t hese  r e a s o n s  influence t h e  t r a j e c t o r y  i n  t h i s  reglon. 

It can be seen 
e 6-1that  c ru ise ,  i n  t h e  c l a s s i c a l  sense, occurs for only 
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6.2 

Analysis of  t h e  energy der ivat ives  w i t h  respect  to t h e  mass flow rate 
f o r  the accelerat ion p ro f i l e  wmld  give f u r t h e r  ins ight .  
p resent ly  unavailable. 

This ana lys is  i s  

Figure 6-1 reveals  t h a t  t h e  major p r t i o n  of t h e  acce lera t ion  and cruise 
takes place a t  a heading approxirmtely 153 E a s t  of South. The heading 
change fro= due South occws  quite r zp id ly  at low speed. Turning losses 
a t  t h i s  speed are s ~ - , 2 1 .  AiJprent ly  t h e  ogt in iza t ion  process i s  t r ad ing  
an increase i n  c ru ise  duration e G i n s t  t h e  lo s ses  d u r i n g t h e  high speed 
turn.  
Stage l /S tag  2 optimal flight peth wi th  no regard to  return.  
parametric ana lys i s  on t h e  other hand indicated a s l i g h t  Westerly c ru ise  
component based on the  r e h t i v e  e f f i c i ency  of the  inbound and outbound 
cruise .  This i s  i l l u s t r a t e d  i n  Figure 6-3 by t h e  relative slopes i n  t h e  
two mission sepients .  
f l i g h t  path where a complete o p t i m l  s tag ing  multi-vehicle solut ion is  
obtained. The t o o l  for  t h i s  ca lcu la t ion  does not e x i s t  at t h i s  t i m e .  I n  
the  absence of such a calculat ion t h e  t r a d e s  involved i n  s tag ing  pos i t ion  
determination elude conventional ana lys i s  i n  view of the dynamic nsture  
of t h e  final f l i g h t  path. 

Again it should be cautioned that  t h i s  r e s u l t  i s  based so le ly  on t h e  
The Phase I 

This same tendency may be present  on t h e  optimal 

Stage 1 R e t u r n  T r a j e c t o q  

The stage 1 re tu rn  t r a j e c t o r y  i s  shown i n  Figure 6-1 t o  6-3. 
h i s t o r i e s  are shown on Figures 6-4 t o  6-6. The re turn  mission can be 
divided i n t o  four  segments for analysis: (1) 
cruise condition, (2) a c ru is ing  se@er.t, (3)  a decelerat ion a t  constant 
a l t i t u d e  t o  Msch 3, followed by ( k ) ,  a dece lera t ion  g l ide  t o  t h e  terminal  
condition. The first segment of  t h i s  rrission i s  discussed i n  Section 6.4 
as part of t h e  s tag ing  maneuver. The steepest-descent generated c ru ise  
condi t ion occurs a t  Mach 5.2 and 32.3 km (106,000 ft.). 
i s  acquired before completion of t h e  i n i t i a l  t u rn .  Eowever, during t h e  
cruise port ion of  t h e  turn,  the heading change r a t e  i s  quite moderate and 
diminishes t o  p r a c t i c a l l y  zero aboct a t h i r d  o f  t he  way through t h e  c ru ise  
sement .  
The cruise condition is i n i t i a l l y  acquired a t  250 seconds a f t e r  s tag ing  
and continues f o r  l3GO seconds. The r e t u r n  c ru i se  therefore  occurs a t  a 
Mach number considerably below t h e  2esiG c ru i se  Yach number of 7. Pre- 
s m a b l y  it i s  more e f f i c i e n t  t o  cruise  E t  t h e  recovery Mach nmber  than  
t o  attempt a reaccelerat ion t o  bkch 7 f D r  t he  t i m e  periods involv d. It 
may be noted t h a t  t h e  c ru i se  condition is somewhat above t h e  nax - Mach- 
a l t i t u d e  l i ne .  FOllOVinb cruise t he  constant a l t i t u d e  dece lerx t iag  Eegnent 
t o  Mach 3 i s  of almost 1,000 seconds duration, t h e  Mach 3 condition 
occurr ing a t  ticle = 2500 seconcis fron s tnglng .  A t  t h i s  point  a switch-over 
f r o m  rarrJet engines t o  turboje t  e n a n e s  OCCUTS. Simultaneously t h e  
final segment of t h e  r e tu rn  cormccces. "he dece le r s t ing  gl ide i s  terminated 
at  3260 seconds frora s tag ing  a t  a;i_Droximtely 15.2 km (50,000 f't.) a l t i t u d e  
i n  a subsonic condition. 

The cont ro l  

a dynamic re turn  t o  t h e  

The c ru i se  condi t io3 

TMS is agparent from t h e  ba!-ik a n e e  h i s to ry  o f  Figure 6-5. 

e 

The remaining por t ion  of t h e  c ru i se  s e g e n t  and t h e  
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decelerat ion occur a t  a lmost  constent heading angle. 
gl ide an increase i n  bank angle occurs and t h e  final t u r n  i s  generated, 
ending i n  a near Westerly headin&. Apparently the  optimization process 
has detected a favorable trade bctveen high speed turning lo s ses  and 
path length. The control  h i s to r i e s  of Figures 6-4 t o  6-6 during 
t h i s  re turn  d s s i o n  are re la t ive ly  6 ~ 0 t h .  The re turn  does exhib i t  
some of t h e  charac te r i s t ics  of near orb i t21  veloci ty  re-entries,  
notably i n  t h e  development of a skip  l i k e  acquis i t ion  of  t h e  c ru i se  
condition, although t h e  charac te r i s t ic  o sc i l l a to ry  motion of  very high 
speed re -en t r ies  is  prac t ica l ly  absent. 

F ina l ly  it i s  emphasizedthat thou& the  re turn  has been discussed i n  
terms of  a sequence of subarcs, t he  complete path from staging t o  
mission termination was optimized a6 a s ingle  t r a j ec to ry  with only t he  
end pos i t ion  as terminal constraints .  
s c p e n t a t i o n  w i l l  provide ins ight  i n t o  t h e  type of behavior which can be 
expected on other missions. 
estimated by t h i s  technique and the  r e s u l t s  presented i n  Volume 4. 

Stage 2 Ascent t o  Orb i t  

During t h e  final 

' 

It is  ant ic ipated t h a t  t h i s  

For example, t h e  cruise  mission has been 

6.3 

The Stage 2 veloc i ty  a l t i t ude  path i s  contained i n  Figure 5-15. 
optlmal staging calculations h x e  regulted i n  a w e l l  defined velocity- 
a l t i t u d e  prof i le .  
t o  t h e  energy contours. Constant energy coast  follows. Inser t ion  
Occursw'itha s m a l l  impulse at the  coast  termination. 
history f o r  the first burn period i s  shown i n  Figure 6-7 where veloci,y, 
a l t i t ude ,  p i t c h  angle and heading are  presented as a function of  time. 
A somewhat unusual velocity h is tory  is  discussed i n  d e t a i l  i n  Section 
6.4. 
t h e  vacuum solution. The vacuum solut ion was obtained using f ixed  
t h r u s t  by t h e  comparatively rapid couputer program of  Reference 8. 
The difference between the vacuum solut ion and the  optimal s tag ing  
so lu t ion  can be a t t r ibu ted  t o  the  presence of the  atmosphere i n  t h e  
optimal staging solution. 
t r a n s f e r  o r b i t  with lower perigee i n  a vacum than i n  the  presence of 
an atmosphere which reduces t h e  th rus t  vector ing lo s ses  f o r  t h e  near 
horizontal  launch of t h e  second stage.  However the  benef i t  i s  near ly  
o f f s e t  by an increase i n  gravi ty  losses during the  coast .  The final 
o r b i t a l  mass i n  both calculat ions was e s sen t i a l ly  equal. This may be 
a t t r i b u t a b l e  t o  the  f a c t  t h a t  t i e  vacum calculat ion uses constant 
thrust whereas t h e  optimal Stage l/Stage 2 ca lcu la t ion  was performed usinl 
the assumption of th ro t t leab le  engines throughout t h e  e n t i r e  f l i g h t  path 
Including Stage 2. 

The 

The first burn bui lds  up energy p r a c t i c a l l y  noxmal 

The t r a j e c t o r y  

Figure 6-8 presents the Stage 2 ve loc i ty  lo s ses  compared with 

"he s teepest  descent process seeks a 

This point  has no t  been analysed i n  d e t a i l .  

6.4 The s tag ing  b'meuver 

Staging maneuver d e t a i l s  are contained i n  Figure 6-9 For the  
purpose of t h i s  section the staging maneuver i s  defined as t h a t  part 
of t h e  mission ly ing  between Stege 1 outbound cruise  termination through 
t h e  s tage point t o  the s t a r t  of Stage 1 re turn  cruise,  and includes t h e  
first burn of t h e  second s tage rnod.de. 

t o  6-14 
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The i.l.tch-lJtitG2c 21s: of Figare 6-9 r w e e l s  t h a t  t h i s  portion of t h e  
mission i s  extrezely dynm-ic ifivolving an in tegra ted  combination of t u rn  
i n t o  o r b i t  p l s ~ e ,  P d l - U F ,  and recoverJon the par t  of the  first stage. 
It i s  obvious f i a ! ~  Fi,<Jre 6-9 t h s t  from a f l i g h t  path performsnce view- 
point  t h e  s taging mneuver  idea l ly  cons i s t s  of  a s y n e r g t i c  zoom-turn. 
The gro1mO t r ack  of Fi,aure 6-19 reveals  conciderable heading change 
during tkis c.snewcr. 
of 2000 psf i s  br ie , ly  violated dming t h i s  maneuver as are t h e  bbch 
number and l c ~ d  f o n t w  constrs ints .  
t h e  prevented e l in inz t ion  o f t h e  v io la t ions .  The manewer a t i s f i e s  t h e  

A s igni f icant  energy gain o f  approxhate ly  55 of  t h e  t o t e l  first stage 
specific energy OCCUTG d u r i n g t h i s  nianeuver. 
as t h e  nomind. f o r  lambda midance s tud ie s  s ince  at  t h i s  point t h e  vehicle  
d e s i p  and mater ia ls  technology renains i n  a f l e x i b l e  state. 
h i s t a r i e s  durfag t he  synergetic zoom-turn are contained i n  Figure 6-11. 
The t h r o t t l e  hictory exhib i t s  some o s c i l l a t i o n  d u r i n g t h e  dive. 
energy i s  gained during t h e  dive. 
a t  almost const.ant spec i f i c  energy. 
presented i n  Figure 6-12. 
Occur a t  m a x f m m  f l i&t  path. 
f l i @ t  path angle i s  related to  t h e  r e f l ex  In t h e  ve loc i ty-a l t i tude  
p ro f i l e  of Figure 6-9 which occurs i rmediately below staging. 
recovers most of t h e  spec i f i c  energy o f  t h e  i n i t i a l  pull-up. 

E e  Sta 3 I dpltiuic pressure inequal i ty  cons t ra in t  

Limitations i n  avai lable  computer 

Stage 2 dynmic pressure i n e q w l i t y  cons t ra in ts  o f  9,560 N/L P (200 psf ) .  

This manewer i s  re tained 

The cont ro l  

Total  
The pull-up portion of t h e  zoom occurs 

The fllat path angle h i s to ry  i s  
It c a n  be seen that t h e  s t a s  point  does not 

It i s  thougbt tha t  t h i s  release below maximum 

This r e f l e x  

The r e l a t i v e  posi t ion of t h e  vehicle stages following Stage 2 release 
I s  apparent f r o m  F i g m e s  6-10 and 6-13. The Stage 1 murid t r a c k  during 
r e tu rn  crosses  t h a t  of the Stage 2 module. For a t  this point Stage 1 
has l i t t l e  turn ing  a b i l i t y  vhile Stage 2 is developing a considerable portion 
of t h e  o r b i t a l  plane change required. This i s  apparent from t h e  bank 
angle his tory  of Figure 6-11. 
mechanics was beyond t h e  scope of  the present  study. 
t h e  pwllup maneuver Stage 1 descends below 27 km (90,OOO ft.) tu rn ing  
rap id ly  d u r i n g t h i s  pu l l  out Fdneuver. 
following climb t o  c ru i se  a l t i t u d e  and t h e  small osc i l l a t ion .  This 
maneuver is  shorn i n  Figure 6-13. 

The m o s t  s igni f icant  feetures of the Stage 2 first burn are the l a rge  
bank angles and t h e  monotonicalJ-y decressing throttle h i s to ry  exhibi ted 
in Ngure .6-11. 
required during Stage 2. The t r m s v e r s e  force renains s m a l l  due t o  t h e  
s m a l l  pitch eagle. 
t h e  presence of an &xrmpkre. 
history i s  t h e  r e s u l t i n g  load f ac to r  h i s t o r y  presented i n  Ngure 6-14. 
Stsge 2 load factor; remain noderate during t h i s  pa r t  of t h e  miosion. 
The two load f ac to r  v i o l a t i o x  of Stag.  1 ere a l s o  apparer-t f r o m  t h i s  
d i a g a m .  
t o  design a nomiEd p3$n t h a t  does riot have these viob-t ions.  

A de te i l ed  study of t h e  separation f l i g h t  
FQllowing apogee of 

C d s e  condition i s  then  acquired 

The l a r g e  bank angle is assoc ia ted  with the plane change 

The decreasing throt t le  h i s to ry  may be associated with 
An i n t e r e s t i n g  bi-product of  t h i s  thrott le 

Further i t e r s t ion  of t h e  stee-uest-descent program i s  required 
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7.1 

F i g w e  7-1 is a weight sur~w-ry which corcpares PhRse I and Phase IX results 
fsr t h e  3734 'm, (2030 E.M.) mission. 
and Phase I1 r e s d t e d  i n  a 29$ increase i n  o r b i t a l  payload. 
t r a j e c t o r y  can be charzcterized bj an improvement i n  t h e  climb pro f i l e ,  
t h e  c ru ise  eff ic iency,  shorter Stage I ground t r ack  and a more e f f i c i e n t  
s ta#ng mvieuver. The climb fue l  w a s  improved by climbing t o  c ru i se  
conditicns a t  k c h  5.0 then p e r f o r ~ i n g  a slow accelerat ion along t h e  
c ru i se  dynamic pressure l i ne  as shmn i n  Figure 7-2. 
was improved by fl-ying hi@.er End using a l l  t h e  availttble t h rus t .  
Phase I s tudies  t h e  cruise  a l t i t u d e  was reduced t o  allow t u r n  capabi l i ty  
at cons tmt  a l t i t u d e .  
be unnecessary i n  view o f t h e  development of  a synergetic turn-zoom 
for t o t a l  Stage 1 spec i f ic  energy s i n .  
c ru i se  eff ic iency are shown i n  Figure 7-3. 
f o r  t h e  Stage 1 return.  
improvercent i n  performance because of a 5% gain i n  t o t a l  Stage 1 spec i f ic  
energy mentioned above, and more importantly a s izeable  reduction i n  t h e  
Stage 1 path length as shown i n  Figure 7-4. It should be noted t h a t  t h e  
comparison i s  for  a Phase I path which i s  uncorrected f o r  inbound/outbound 
c ru i se  fuel trade but I s  indice-tive of t h e  path lengths involved. 
savings can be summarized RG follows: 

Stage 1 Outbound Fuel 7080 kg (15,600 lb . )  - 
Stage 1 Return Fuel 

The difference between Phase I 
The Phnse I1 

The cru ise  eff ic iency 
I n  

The Phase I1 optimization s tud ie s  shoved t h i s  to 

The improvement i n  clirnb and 
Similar r e s u l t s  can be shown 

Finally the  s tag ing  maneuver influences t h e  

The 

3340 k 3  (7370 lb* 1 
The Stage 2 mass r a t i o  for  Phase I1 i s  4.49 compared with 4.65 f o r  Phase I. 
These performance improvezents of  S a g e  1 and Stage 2 r e s u l t  i n  a net  
payload i n  o r b i t  increase of 1800 kg (3970 l b ) .  

7.2 Optimization Development 

The Phase I1 per fomawe  re su l t s  were obtained with t h e  optimal s tag ing  
technique pmposed i n  Reference 2. Results obtained by t h e  eppl icat ion 
of t h i s  technique have previously been reported in Reference 4. 

The present r e s u l t s  provide confirmation of  t h e  f e a s i b i l i t y  of  simultaneous. 
per turbing the  combination of continuous cont ro l  h i s t o r i e s  and the para- 
meters determining the  s tage durations.  Convergence problems were 
negl igible  apar t  from some experimentation with t h e  stage point weighting 
parameters. 
separate problem a f t e r  several  cycles  of convergence of  t h e  combined 
Stage I/Stage I1 problem was primari ly  intended a s  a device f o r  reducing 
t o t a l  elapsed coxc2uter time. A secondary object ive w a s  t o  v e r i f y  t h e  
t r a j e c t o r y  shaPing c q a b i l i t y  of the optimal s tag ing  e lwr i thm.  
time saving would now appear t o  be negl ig ib le  and t h e  Va l id i ty  of  t h e  
a lgpr i th  seems ix be supported by the  f a c t  t h a t  no s ign i f i can t  changes i n  
t h e  t r a j e c t o r y  were introduced when the  s tages  were separated i n  the above 

The separation of the Stage I/Stage I1 t r a j e c t o r y  i n t o  two 

"he 
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manner. It i s  therefore  recormended t h a t  i n  future s tud ies  t h e  complete 
problem be t r ea t ed  by the  o p t h a 1  s taging aliprithm. 

%.e need for fur ther  development of flight path optimization computer 
proppais i s  q p o r e n t  from the  present study. 
the StaGe I Outbound-Stage I1 Ascent t o  o r b i t  problem as an e n t i t y  
follouec: by ac independent optimization of t h e  Stage I r e t u r n  undoubtedly 
involves sone 2 e r f o m n c e  loss. The complete solut ion of  t h e  problem 
would require a nult i -vehicle  optimization computer program i n  order 
t o  s a t i s f y  t h e  s p l i t  end cocditions imposed by t h e  conditions of  Stage I 
re turn  t o  base and Stage I1 ascent t o  o rb i t .  
t r ans fe r r ing  t h e  rcass between Stage I and Stage II 8% stagLng would 
have t o  be incorporated i n t o  t h e  computation, t h e  mchanism f o r  
this i s  provided by t h e  s t a t e  stage transfer matrices, [PI, and t h e  
independent state stage perturbations, [dXJ 

I n  conclusion it would appear t h a t  t h e  optimal s taging technique of 
Reference 2 a f fords  a p rac t i ca l  means fo r  solving complex atmosphere 
multi-stage f l i g h t  path optimization problems. 
fli&t path optimizotiozl p ropans  should be undertaken t o  combine 
optimal s taging with multi-vehicle capab i l i t y  i n  order  t o  solve t h e  
forthcoming generation of t r a j ec to ry  shaping problems. 
e s sen t i a l  if future vehicles are t o  be operated e f f i c i e n t l y ,  f o r  it would 
appear from t h i s  study tha t  ap2roximate nethods of determining t h e  
f l i g h t  path o f  vehicles  o f t h e  type considered here  may result i n  
s ign i f icant  but unnecessary perfornnnce lo s ses  of t h e  system. 

The device of t r e a t i n g  

Further t h e  design rules for 

introduced fn Section 3. 

Further development of  

This is  
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SYMBOLS 

(Reproduced from Reference 2) 
Non-dimensional acce lera t ion  dose 

?ion-dimensiwml. acce lera t ion  dose with damping included 

I n t e g r a l  measure of an inequal i ty  cons t ra in t  v io la t ion  

Weighting matrix constant 

Defined by Eqn. (7.2.4) 

Defined by Eqn. (6.2.26) 

Control  var iable  per turbat ion mode shape 
Desired control  var iab le  h i s to ry  for a vehicle flight path 
Time derivat ive of non-dimensional accelerat ion dose 

Instantaneous acce lera t ion  

Acceleration i n  d i r ec t ion  n 

Bank angle 

Weighting matrix constant 

Defined by Eqn. (7.2.5) 

Defined a s  a column matrix b y  Eqn. (6.2.27), as a 
racta i igdar  matrix :E EGG. (5.5.1) 

The Cth i t e r a t i o n  i n  a descent 

Drag force  slopes 
4 CDa2r CDo, cDp27 CD 

c i i  Weighting matrix constant 

CL, CDJ Cy L i f t ,  drag and s i d e  force coe f f i c i en t s  

CL,, CD,, Cyo Lift, drag and s i d e  force coe f f i c i en t s  
when a = p = 0 

CL,J CL,~, C L ~ J  C ~ ~ 2 7  C L , ~  

c: Defined by Eqn. (7.2.6) 

CN, CA, cy 

c: Defined by Eqn. (6.2.28) 

L i f t  fo rce  s lopes 

Force coef f ic ien ts  i n  body ax i s  system 

X 
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Non-dimensional amount of  constraint  e r r o r  t o  be 
eliminated i n  a given cycle 

Stagnation point  heating coeff ic ient  

Any function t o  which an inequal i ty  constraint  is to  
be added 

Drag force 

Summation defined by Eqn. (6.3.10) 

Algebraic control  var iable  per turbat ion magnitude 

Weighting matrix constant b 

Control variable per turbat ion magnitude 8 

Value of DP 2 on f i n a l  t r a j e c t o r y  on last and last but 
one i t e r a t i o n s  

T r i a l  value o f  D F  

Minimum control var iable  perturbation magnitude which 
will eliminate a given constraint  e r r o r  

Stage point per turbat ion maznitude 

Upper and lower inequa l i ty  constraints  

Time his tory of D when inequa l i ty  constraint  i s  n o t .  
s a t i s f i e d  

Time his tory of  D when inequa l i ty  constraint  i s  
s a t i s f i e d  

Predicted change i n  a function f o r  a very small per- 
t u rba t ion  

Combined change i n  terminal cons t r a in t s  and i n i t i a l  
state variable values 

Combination of dp and cut-off function e r r o r  

Change i n  payoff, constraint  and cut-off funct ions 

xi 
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I 

Predicted change i n  I$ f o r  a s tep-s ize  of  tnagriitudc! k 

T r i a l  value of d 4  o r  d+ 

Magnitude of maximum control var iable  e r r o r  

A function t o  which a point constraint  i s  t o  be appl ied 

% 
d90, d'Cb 

E 

E 

E Distance between an interceptor  and the  f i r s t  of two 
t a r g e t s  

E, E ( t )  A point constraint  

E1 

E2 

A function which fa i l s  t o  s a t i s f y  a point constraint  

A function which s a t i s f i e s  a p o i n t  constrs int  

F Total  vehicle force vector 

a fi Matrix of p a r t i a l  der ivat ives  
axJ 

F, F ( t )  

Fn Force in direction n 

F+, Fye, Fze 

f, f(%(t), a n ( t ) , t )  

f ,  f( ,( t)r  Z ( t ) , t )  

Components o f  force i n  Xe, Ye, 2, system 

Function which gives  the time deriva- 
t i v e  of a state variable 

Function which gives t h e  time d e r i v a -  

t r a j e c t o r y  

- 
. t i v e  of a state vsr iabie  on the nomintl 

f ( X i )  

fl, f2, f, 

Algebraic function of the var iables  x i  

Functions definin:: t he  s t a t e  var iables  i n  t h e  algebraic  
s teepest  descent analysis  

d f i  G, G ( t )  

grad 4 

a,dx(T),T)  Any additional optimization function 

d X , Y ,  2 )  

Matrix of par t ia l  der ivat ives ,  - 

Gradient of 6 when cons t r a in t s  a r e  s a t i s f i e d  

An algebraic constraint  function 

xi 1 
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f 

I .  

H(D-D) Heaviside s t e p  function used t o  handle inequal i ty  constraints  

h Alt i tude 

Minimum value of a l t i t u d e  permitted 

Height of satell i te 8s o r b i t  

h l ,  h2 Height of t a rge t  vehicles in intercept ion problem 

I(-1, I(+) Number of regions i n  ~ h i c h X 4 ~ C  is negative o r  posi t ive 

In t eg ra l s  of payoff and constraint  s e n s i t i v i t i e s  over whole 
t r a j e c t o r y  I*, I++ 

b 4 ( t e ) J  r&$(tt)J In t eg ra l s  of payoff and constraint  function 
s e n s i t i v i t i e s  i n  the  In t e rva l  t e 5 t 5 T 

J 

Subscript  indicat ing an element i n  t h e  lth row of a matrix 

Unit vectors i n  d i r ec t ion  of X,, Ye, 2, 

I n t e g r a l s  defined by Eqns. (6.3.15) t o  (6.3.17) 

Subscript  indicat ing an element i n  the  jth column of a 
matr ix  

I n t e g r a l s  defined by Eqns. (6.2.33) and (6.2.34) 

In t eg ra l s  defined by Eqn. (6.2.14) 

Functions defined by Eqns. (6.4.25) t o  (6.4.27) 

Magnitude of control var iable  perturbation 

Step-size parameter 

Acceleration dose damping function 

Working l i m i t s  on s tep-s ize  parameter k 

Value of step-sl-ze parameter based on dimensional change 
of payoff o r  constraint  functions 

L i f t  force 

Solution t o  the adjoint  equations which a t  some time 
t = T,'becomes the u n i t  matrix 

Pa r t i cu la r  values of L ( t )  a t  t = t* or  i: 

I n t e g r a l s  defined by Eqns. (6.3.7) t o  (6 .3 .9)  

x i i i  
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0 z 

"he number of cont ro l  var iab les  

Mach number 

Constants used t o  improve convergence i n  numerical 
so lu t ion  of var ia t iona l  equations 

Functions defined by Eqns. (7.4.7) and (7.4.9) 

Subscript  or superscr ipt  ind ica t ing  a typ ica l  cont ro l  
var iab le  

Vehicle mass 

Exponent of density i n  s tagnat ion point heating 

Time der ivat ive of vehicle  mass 

% 

Exponent i n  approximate s t ep  funct ion 

The number of state var iab les  

The number of completed i t e r a t i o n s  

Thro t t l e  s e t t i ng  

A d i rec t ion  

Exponent on veloci ty  i n  s tagnat ion point  heatin,; 

Subscript  o r  superscr ip t  indicat int .  a t yp ica l  s ta te  
var iab le  

Body a x i s  forces  

Orders of magnitude 

P Argument of an order of rnayitude 

P The number of cons t r a in t s  

P1, P2, etc.  T ra j ec to r i e s  followed if t he  e r r o r s  a t  the f i rs t ,  'second, exc., 
predetermined sampling poin ts  are uncorrected. 

P Suffix indicat ing a t y p i c a l  cons t ra in t  

Matrix which transforms s ta te  var iab le  per turbat ions Bo the 
l e f t  of the sth stade point  i n t o  those on the right 

*s 
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Q 

Q 

R 

R 

S 

S', E 
S@ 

Rate a t  which heat i s  created a t  t he  stagnation point 

Product of P, and TdS' 
Expected t r a j e c t o r y  a f t e r  e r r o r s  a t  f i r s t ,  second, etc., 
piedeteiiiiined sampling pcints  s r e  corrected f o r  

Dynamic pressure 

Radius vector from center of t h e  e a r t h  t o  vehicle 

Range i n h i b i t i n g  force 

Planet  equatorial radius 

Planet  polar radius 

S u f f i x  ind ica t ing  rth and sth control  var iables  

A svi tching function 

Vehicle reference area 

Number of s tages  being spec i f i ed  d i r e c t l y  and optimized, respect ively.  

A t y p i c a l  control  variable s e n s i t i v i t y  

Typical control  var iable  s e n s i t i v i t i e s  of order R,S,T , respect ively 

Integrated payoff function s e n s i t i v i t i e s  

Integrated mixed payoff function s e n s i t i v i t i e s  

S u f f i x  ind ica t ing  t y p i c a l  s tage points  being specif ied d i r e c t l y  
and optimized, respect ively . 
Instantaneous payoff function s e n s i t i v i t i e s  

Mixed control  var iable  s e n s i t i v i t i e s  

Trajectory termination t i n e  

Ti(-), Ti(O), Ti(+) Upper time boundary on the  ith region in whichX,+flG 
is nesative , zero, o r  p o s i t i v e ,  respect ively 

T, Cut-off point  f o r  sth stage i n  s tage time 

Tlr  T2 Actual conditions a t  predetermined sampling points  along 
a t r a j e c t o r y  

Anticipated conditions a t  predetermined sampling points  
along a t r a j e c t o r y  

T l ' j  T2', e tc .  

t The independent var iable ,  in t h i s  report  time 

t A time point betveen t h e  time an e r r o r  is  noted, t ' , 
and the  t r a j e c t o r y  termination 

xv 
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t '  

t' 

t '  

Time at which an accelerat ion dose is received 

Time at which an e r r o r  i n  a desired f l i g h t  path l e  detected 

Time at  which a function which f a i l s  t o  s a t i s f y  a point con- 
s t r a l n t  I s  nearest  t o  doing BO 

A point i n  time separat ing regions of d i f f e r ing  control  
va r i ab le  power 

Time at which a s tage point occurs 

A point at which it is desired t o  impose boundary conditione 
on t h e  ad joint  equation solut ion 

t '  

t '  

t' 

t i ( - )J  ti('), ti(+) Lower time boundary on t h e  ith region i n  which 

NUMBER P-1130165 
REV LTR 

~ Q G  is negative, zero, or posi t ive,  respect ively 

Time at which the sth stage point occurs 

Haximum value of time permitted. 

Trajectory commencement time 

Weighting function used i n  penalty function technique, 
Eqn. (6.4.42) 

Augmented payoff f unct ion 

Velocity components of body a x i s  system 

S t a t e  variables of veloci ty  in.X,, Ye, 2, system 

Vehicle veloci ty  vector 

S a t e l l i t e  velocity 

I n e r t i a l  velocity 

Stage point  weighting functions 

Velocity of t a r g e t s  i n  intercept ion problem 

Control variable weighting function 

Algebraic control var iable  weighting function 

Rotating rectangular coordinate system a t  center  of the e a r t h  

Velocity components i n  X,, Ye, Ze  system 

Acceleration components i n  X e ,  Ye, 2, system 

Velocity components i n  l o c a l  geocentric coordlnatpe 

Algebraic variables 

Desired f l i . ;h t  path of a vehicle  

xvi  
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P 
I 

A s t a t e  var iable  and i t s  der ivat ive used i n  point 
constraint  analysis 

T’ne nth Stli te variable h i s to ry  

The nth state variable time der ivat ive 

Posi t ion of interceptor ,  and tuo  t a r g e t  vehicles 
a t  t = to 

Value of s t a t e  variable der ivat ive a t  I = T, 

A a t a t e  var iable  h i s t o r y  

A nominal s t a t e  var iable  h i s t o r y  

I n i t i a l  state variable value 

Values of state var iables  a t  I =  T, 

%J S ( t ) J  xL, xL(t) S t a t e  var iables  which measure t h e  
integrated v io l a t ion  of  an inequal i ty  

X J Y J Z  

X l *  X2J xv 

constraint  

Time der ivat ives  of s, xL 

Body axis coordinates 

S t a t e  var iables  i n  a lgebraic  s teepest  descent ana lys i s  

A state variable and i t s  der ivat ive,  used i n  the  
penal ty  functbn ana lys i s  

Side force 

An algebraic  function which i s  t o  be maximized 

Control variable, control  variable h i s to ry  

Angle of a t t ack  

The mth control var iable  h i s to ry  

Nominal control var iable  h i s to ry  

A powerful end a weak control var iable  

Control var iables  i n  a lgebraic  s teepest  descent solut ion 
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P a 5  E 

f 

13 Sides l ip  angle 

I n e r t i a l  f l i g h t  path climb angle 

Attempted incremental change i n  C+ on each cycle 

71 

AC+ 

Gi*, Lips*, q* 

L\pi(C), L\P,,(C), G r ( C )  

In t eg ra l  measure of  t o t a l  change i n  the  ith, sth or 
rth control var iable  between nominal and optimal t r a j e c t o r i e s  

In t eg ra l  measure of change i n  the  ith, sth or r t h  
control var$able, between the nominal and Cth i t e r a t i o n  

lJ3 4802 1433 R E V .  6/65 

A f ( f ) ,  4f 

. -  
Aat l  

In t eg ra l  measure of change In t h e  sth or rth control variable 
h i s to ry  as t h e  number of i e r a t i o n s  increases without l i m i t  

Magnitude of control va r i ab le  correction 

Change in cut-off time 

Stage time perturbation a t  the  termination of t he  sth stage 

Direct ly  specif ied s tage point  perturbations 

O p t i m a l  s tage point per turbat ions 

Change i n  augmented funct ion produced by control  variable per- 
turbat ion 

Actual change i n  8 funct ion during a very small perturbation 

Difference between nominal and optimal values of  lth control 
var iable  a t  any point 

Mean control  variable change as t h e  number of i n t e ra t ions  
increases without l i m i t  

Mean control  variable change between nominal and optimal t r a j e c t o r i e s  

A control variable h i s t o r y  correction or e r r o r  

Size of a pulse correction t o  t h e  control variable his tory a t  t = t n  

Defined by Eqn . (III .23) 

Terminal. # e r r o r s  introduced by uncorrected state variable e r r o r  
a t  t = t '  

Actual change i n  payoff or constraint  functions f o r  a perturbation 
step-size of aagnitude k 

Cut-off function e r ro r  introduced by terminating t r a j e c t o r y  
a t  the predicted time a t  which fl = 0 

Perturbation in the sth stage point cut-off function 

Upper and lover bounds on constraint  function changes caused 
t r a j e c t o r y  errors 

Additional state var iable  perturbations specif ied d i r e c t l y  by 
a t  the commencement of t he  sth stage 

m L i i  
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h(t') 

A d - ) ,  Ad+)  
Error i n  desired f l i g h t  pa th  a t  t = t 8  

Upper and lower bounds on constralnt  function changes caused 
by t r a Jec to ry  e r ro r s  

Perturbations in l a t i t u d e  and longitude a t  commencement of 
first stage 

Change i n  augmented payoff function 

Change i n  9 caused by a pulse in t h e  control  var iables  a t  t = t 8  

Change i n  control var iable  per turbat ion magnitude 

Dirac Delta Function applied a t  t = t 8  

A x l ,  9 Ax: 

dU, a6 

6 d+) 

bk 

d ( t -t 8 )  

ax(t 1 S t a t e  var iable  per turbat ion 

d X ( 3  
- 

S t a t e  var iable  e r r o r  induced a t  t = t by uncorrected error a t  t = 

bx, (TS + A T B )  S t a t e  Variable per turbat ions a t  the  termination of the  
st h st age 

ax,(o), axs S t a t e  var iable  per turbat ions a t  the  commencement of the  
s t h  s tage 

S ta t e  variable per turbat ions induced by per- 
turbat ions i n  preceding portion of the t r a j e c -  
t o ry  t o  t h e  l e f t  and r i g h t  of the sth stage 
p o i n t  

b a ( t ) ,  d a  Control variable va r i a t ion  (per turbat ion)  

b 2 a ,  a(6a) Control variable second va r i a t ion  

6a0 

ba k 

au( t  

6a 1 

2 

61' 

6 I' 
- 

& n i j >  J a s j ,  b a r d  Change i n  the ith, sth or rth control var ia-  
ble on t h e  jth aescent 

T r i a l  v a l u e  of 6a 

V a l u e s  of 6a corresponding t o  a value k of t h e  s tep-s ize  
parameter 

mina *a (t)max The rnaxirnua and minimum control  var iable  
perturbation masnitudes a t  any point doni: t he  
t r a j e c t o r y  

Control variable per turbat  ion correspondin-; t o  DPl2 

Control variable p e r t w b a t i o n  which leaves the  cons t r a in t s  
unal tered 

Definea by Eqn. (6.2.50) 

Defined by Eqn. (7.4.1) 

x i x  
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XT 
0 

Xe 

Change in q, a t  T~ = T, 

Change in payoff, cons t ra in t  and cut-off functions 

I n e r t i a l  longitude . 

Longitude 

Sum of a s e t  of vector solut ions,  or multiple of a soh- 
t i o n ,  t o  t h e  adjoint  equations 

Adjoint var iab les  defined by Eqns. (6.2.35) and (6.2.36) 

The ad jo in t  var iables  

The adjo in t  var iable  der iva t ives  

Thrust  angle ro t a t ion  

Adjoint var iab le  corresponding t o  a point  cons t ra in t  
state var iab le  

Adjoint var iables  which do not correspond t o  a point  
cons t ra in t  state var iab le  

Vector so lu t ion  t o  the ad jo in t  equation and i ts  t i m e  
der iva t ive  

Values of t h e  adjoint  var iab les  t o  the l e f t  and right 
of a stage point 

Adjoint var iables  corresponding t o  t h e  choice 

Value of X X ~ ,  at T~ - 0 

IC 

Payoff funct ion ad jo in t  var iab le ,  measures s e n s i t i v i t y  
of 6 a t  unperturbed cut-off time t o  s t a t e  var iab le  
changes a t  t 

Constraint  function ad jo in t  var iab le ,  measures s e n s i t l -  
v i t y  of constraint  a t  mperturbed cut-off time t o  state 
variable changes a t  t 

Cut-off function ad jo in t  var iable ,  measures s e n s i t i v i t y  
of fi a t  unperturbed cut-off time t o  state var iab le  
changes a t  t 

Adjoint var iables  defined i n  t h e  sth stage 

Payoff function s e n s i t i v i t y  t o  s t a t e  var iab le  changes 
a t  t 

Constraint  function changes t o  s t a t e  var iab le  changes 
at  t 
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9, * ( X I  Algebraic constraint  funct ion 

qS: Os(T, + ATs) The value of any function of the s t a t e  var- 
iab les  and s tage time a t  the 8th s tage 
termination 

Time der ivat ive of qS 

Constraint  s i n  a lgebra ic  steepest descent ana lys i s  

A cons t ra in t  function 

Constraint  function time derivat ive at t r a j e c t a r y  

Control system constants,  Sect ion 1.4.5 

Permissable favorable o r  unfavorable non-dimensional 
change i n  constraints  

Non-linearity of cons t ra in ts  

Desired non-linearity of  cons t ra in ts  

Desired accuracy of cons t ra in ts  

Constraint  function s e n s i t i v i t y  t o  cont ro l  var iable  pulse 
a t  t = t*, In optimal s taging problem 

Constraint  function s e n s i t i v i t y  t o  per turbat ions i n  t h e  
state variable which are d i r e c t l y  spec i f ied  a t  the  
commencement of the  sth stage 

Constraint  function s e n s i t i v i t y  t o  s tage point pertur- 
bat ions 

The t r a j ec to ry  f i n a l  cut-off funct ion 

Cut-off function time der iva t ive  a t  t r a j e c t o r y  termina- 
t i o n  

Qs, Qa(x(Ts), ~ 8 )  

ii s(T,) 

n Longitude of ascending node 

W 

Cut-off funct ion f o r  8th s tage 

Time der ivat ive of s t h  s tage cut-off funct ion a t  T, 

Lagrangean mult ipl ier  on s tage point  per turbat ions 

Magnitude of earth's angular ve loc i ty  

Earth*e angular veloc i ty  vector  

A n g u l a r  veloci ty  of sa te l l i te  

P W 

4P 

W a 
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Particular values of o used i n  numerical solution of 
variational equations 

Algebraic payoff m c t i o n  

The payoff function 

Payoff function time derivative a t  trajectory termination 

Maximum permissable adverse change i n  payoff Arnction 

The greatest absolute value of the payoff function over 
the preceding i terat ions 
La t  i tuae  
Payoff function non-linearity 

De sired payoff function non-linearity 

Thrust cane angle 

Payoff function sensi t ivi ty  
at t = t', in  optimal staging p.oblem 

t o  control variable pulsee 

V 

9 

30J 31 

Payoff function sensitivity t o  stage point perturbations 

Payoff function sensit ivity t o  s t a t e  variable perturba- 
tions which are directly specified a t  the commencement 
of the sth stage 

Central angle measured from ascending node 

Sa te l l i t e  central angle 

I n i t i a l  s a t e l l i t e  central angle 

Lagrangean Multiplier for  control variable magnitude constraint 

Gravitational constant 

Particular values of p used i n  numerical eolution of 
variational equations 

Lagrangean Multiplier for terminal constraints 

Lagrangean Multiplier used in optimal staging analysis 

Particular values of used in numerical solution of 
variational equations 

Iner t ia l  heading angle 

x x i  i 
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Matrix Notation 

c I-' 

Stage time 

The length of time that a vehicle or crew can withstand 
an acceleration a 

Stage time in  the 8th stage 

Longitude difference betveen vehicle and ascending node 

Rectangular matrix 

Column matrix 

Row matrix 

Diagonal matrix 

Transposed matkix 

Inverse matrix 

~ 
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